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Gradient Descent with Predetermined Stepsizes

Let f: R? — R be a convex L-smooth function. Consider the problem

min, f(z).

'WLOG we assume L = 1 by replacing f with f/L and each stepsize h; with Lh,.
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Gradient Descent with Predetermined Stepsizes

Let f: R? — R be a convex L-smooth function. Consider the problem

min, f(z).

Choose hi,...,h, > 0 before seeing f, then run
= xi1 — WV f(zi-1), t=1,...,n

Let 77, (R9) be the class of convex L-smooth functions on R% with a nonempty set of

minimizers'. The worst-case performance for the schedule H = (hy,...,h,) is quantified by
Rn(H):=sup sup sup sup M (1)

deN feF, (RY) z.€argminf zoeRI\{z.} 5]|T0 — T ||?

'WLOG we assume L = 1 by replacing f with f/L and each stepsize h; with Lh,.
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2(1/n) Lower Bound for Constant Stepsizes

Set S = Z?zl hy and § = (1 +2S5)~!. Consider the convex 1-smooth Huber function, with z¢ = 1,

z, =0:
222, 2] <4,
J(@) = {§|x| —8%)2, |z| > 6.
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2(1/n) Lower Bound for Constant Stepsizes

Set S = le:l hy and § = (1 +2S5)~!. Consider the convex 1-smooth Huber function, with z¢ = 1,

T, = 0:
z?/2, |z <6,
fl) = {§|x| —8%)2, |z| > 6.

Every iterate stays in the linear tail, where V f(z) = §:

Theorem (Drori and Teboulle 2014)

1
1+2S°

Ro(H) > 2f(zn) = 26(1 —65) — 62 =6 =
As a consequence, if all hy < 1, then R, (H) > (2n+1)71,
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Set S = le:l hy and § = (1 +2S5)~!. Consider the convex 1-smooth Huber function, with z¢ = 1,

T, = 0:
z?/2, |z <6,
fl) = {§|x| —8%)2, |z| > 6.

Every iterate stays in the linear tail, where V f(z) = §:

Theorem (Drori and Teboulle 2014)

1
1+2S°

Ro(H) > 2f(zn) = 26(1 —65) — 62 =6 =
As a consequence, if all hy < 1, then R, (H) > (2n+1)71,

In fact, if hy = 1, then one can show that R, (H) = (2n + 1)~* (Drori and Teboulle 2014).
MIT SPAMS October 8, 2026 4/ 271



Q(1/n?) Lower Bound for General First-Order Methods
Set d =2n + 1, g = 0. Consider the convex 1—smooth quadratic chain

fla) =5 |12ty +Z — 3lTHD)? 4 (3(D)2

(2d+1) 2(n+1)
6(dr1) = 3 -

with minimizer z{” =1 —i/(d+ 1) and ||z.||> =
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Q(1/n?) Lower Bound for General First-Order Methods

Set d =2n + 1, g = 0. Consider the convex 1—smooth quadratic chain

1) _ z+1 (d)y2
fa) =+ " Z @)
with minimizer " = —i/(d+1) and ||z.]]? = Qdd_tll)) < Q(n:j_l)-

Key idea: Each iteration reveals at most one new coordinate (Nemirovsky and Yudin 1983)
Ej =span{ey,... e}, Vf(Ey) C Exyy1 = € Ey.
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Q(1/n?) Lower Bound for General First-Order Methods

Set d =2n + 1, g = 0. Consider the convex 1—smooth quadratic chain

J@) = [0 -2+ Z a2 4 (@)
with minimizer z{" =1 — i/(d+1) and ||z.|]* = % < 2("3“).
Key idea: Each iteration reveals at most one new coordinate (Nemirovsky and Yudin 1983)
Ej =span{ey,... e}, Vf(Ex) C Exy1 = 11 € E.
On E, the k + 1 differences sum to 1; equal differences minimize their squared sum. Hence
1 1 1
min @) =gy @) ) 2 et T saT ) T e D
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Q(1/n?) Lower Bound for General First-Order Methods

Set d =2n + 1, g = 0. Consider the convex 1—smooth quadratic chain

f@) = 5 [0 -2y +§: a2 4 (@)
with minimizer z{" =1 — i/(d+1) and ||z.|]* = % < 2("3“).
Key idea: Each iteration reveals at most one new coordinate (Nemirovsky and Yudin 1983)
Ej =span{ey,... e}, Vf(Ex) C Exy1 = 11 € E.
On E, the k + 1 differences sum to 1; equal differences minimize their squared sum. Hence
1 1 1
min @) =gy @) ) 2 et T saT ) T e D

Theorem (Nesterov 2004)

2f(an) = f@)] o 3
[l || ~ 16(n+1)2°

Rn(H) >
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The Silver Stepsize Schedule

Let p = 1 + /2. Build the schedule recursively:

Hl = (\/5)7 Hk+1 = (Hk‘) 1+ ,Ok_la Hk)7 k > 1.

The schedule Hj, has n = 2F — 1 iterations.

Theorem (Altschuler and Parrilo 2025b)

1

1+ /4p2k n+1 DPsil ’

psil = logy p &~ 1.27155.
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The Silver Stepsize Schedule

Let p = 1 + /2. Build the schedule recursively:
Hl = (\/5)7 Hk+1 = (Hk‘) 1+ ,Ok_la Hk)7 k>1.

The schedule Hj, has n = 2F — 1 iterations.

Theorem (Altschuler and Parrilo 2025b)

1
Rn(Hk) Psil = 10g2 P~ 1.27155.

1+‘/4p2k n—|-1ps11

Altschuler and Parrilo conjectured that pgj is the optimal polynomial exponent.

Kaizhao Liu @ MIT MIT SPAMS October 8, 2026 6 /27



Smooth Convex Lower Bounds
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Smooth Convex Lower Bounds

Theorem (Ye and Liu 2026b)

For every nonnegative n-step schedule H,

Rn(H) > nPsil —o(1)

For any infinite schedule, at infinitely many horizons,

2D
Ro(Ha) 2 m o=l pyy = =00

~ 1.1195.

Dsil
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The Checkpoint Method (Ma and Chen 2026)

Given any schedule, select checkpoints at 7' = {t; < --- < t;}.

t
2 t

DU DIMD tklluﬂl--ﬂlﬂﬂ--ﬂ

b2 = htz bk—l = htk,] bk hl/‘ hn
-
S1 52 Sk Sk+1
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t
2 t

DU DIMD tklluﬂ---ﬂlﬂﬂ--ﬂ
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The Checkpoint Method (Ma and Chen 2026)

Given any schedule, select checkpoints at 7' = {t; < --- < t;}.

15}

DU DIMD ID 100l

bz = htz b1 = hrk,] =h

k
-
N 52 Sk Sk+1

@ s; are called gap mass.

@ Forcing GD to explore a new dimension at the selected checkpoints T" gives a tight lower
bound.
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The Checkpoint Method (Ma and Chen 2026)

Given any schedule, select checkpoints at 7' = {t; < --- < t;}.

15}

1 .. I IH | g0 U0ell

b2 = hrz b1 = hrk,] =h

k
[ S —

51 52 Sk Sk+1

@ s; are called gap mass.

@ Forcing GD to explore a new dimension at the selected checkpoints T gives a tight lower
bound.

@ Maximizing over all possible sets of checkpoints gives a tight lower bound.
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The Hard Function: A Chain of Components

Similar to Nesterov's chain, our hard function sums smooth convex components (which we
construct later) on neighboring pairs:

1 k ) ) 1 Here Hs(z) = 0 for z < 0;
F(x) = 3 Z CI>z‘($(Z), :U(H_l)) + 5 Hg(x(k—H) — lry1) - for z > 0, it agrees with the
i=1 previous Huber function.

terminal term
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The Hard Function: A Chain of Components

Similar to Nesterov's chain, our hard function sums smooth convex components (which we

construct later) on neighboring pairs:

k ) ) 1 Here Hs(z) = 0 for z < 0;
Z q)i(w(z), :U(H_l)) + 5 Hg(x(k+1) — lry1) - for z > 0, it agrees with the

i=1 - previous Huber function.
terminal term

Insist ®; > 0 and min F' = 0. The terminal term gives

1
F(z,) —min F > §H5(95$Lk+1) — lry1).

D1

A larger Dy provides a better lower bound.
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From One Component to the Next

During the i-th gap At the checkpoint ¢; In the next gap

®; decreases 2 and The selected step b; raises ®; 1 takes over
increases (T, ®;,; and 1) enough to activate gt g (i42),
later components equal 0. Dt
20D 2(42)

Oyt ®; =0 P - P, 1 activates
i+1 =
at tj,
litq
< " S; . l‘ti
0 4 N > bs - 2 (i+1)
D; 0 litq
<;—[)[‘+] —

(With 2o = e1, set £1 = 0 and D1 = 1; subsequent ¢;, D; can be defined inductively.)
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One-Sided Huber Construction (Jung, Cho, and Yun 2026)

Let X = 20, Y = 20+ and &;(X,Y) = $Hs,(X —Y —¢;). In the affine region,
1 i
SV, = 21, - 1).
5V 7LD
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One-Sided Huber Construction (Jung, Cho, and Yun 2026)

Let X =z, Y = 20+ and &;(X,Y) = $Hs,(X —Y —¢;). In the affine region,
1 0
VO, = -
The gap starts at (X,Y) = (¢; + D;,0). During the gap, Y rises by §;s;/4. Earlier
components can only push X upward, so the margin X — Y — ¢; drops by at most d;s;/2.
Di — 1751 = (51 — 51 = !

—(1,-1).
SV = (1, -1)
Keep the component affine by choosing
2 s+ 2
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One-Sided Huber Construction (Jung, Cho, and Yun 2026)

Let X =z, Y = 20+ and &;(X,Y) = $Hs,(X —Y —¢;). In the affine region,

1 i

§V<I>, = Z(l’ —1).
The gap starts at (X,Y) = (¢; + D;,0). During the gap, Y rises by §;s;/4. Earlier
components can only push X upward, so the margin X — Y — ¢; drops by at most d;s;/2.
Keep the component affine by choosing

0;8; 2D;
D,— 2 2=¢ = 6= L,
7 9 7 7 5+ 2
Set the next activation threshold ¢;11 = Y;,_1 = d;s;/4. The output excess becomes:
0;b; D,y b;
Djq = -2 A ! =2.
LT D; et €
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The Critical Schedule Is Balanced

Assume s(n) ~ nP, p > 1, for the stepsize sum of a hard n-step schedule.

DUDID s-ollole-0al - 1

sp (m steps) sg (N steps)
. CSLSR

mln{sL+8R+b, A }
skip b select b

Kaizhao Liu @ MIT MIT SPAMS October 8, 2026 13 /27



The Critical Schedule Is Balanced

Assume s(n

DUDID s-ollole-0al - 1

~ nP, p > 1, for the stepsize sum of a hard n-step schedule.

sp (m steps)

sg (N steps)

. CSLSR
mln{sL+8R+b, A }
—_——
skip b select b

If m < N, then s;, & mP < s =~ NP. The critical schedule makes the two choices tie:

Kaizhao Liu @ MIT

A csp, sp+sr+b~ NP+ (1+c)mP.
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The Critical Schedule Is Balanced

Assume s(n) ~ nP, p > 1, for the stepsize sum of a hard n-step schedule.

DUDID s-ollole-0al - 1

sp (m steps) sg (N steps)
. CSLSR
mln{sL+8R+b, A }
————
skip b select b

If m < N, then s;, & mP < s =~ NP. The critical schedule makes the two choices tie:
A csp, sp+sr+b~ NP+ (1+c)mP.
The first m 4+ 1 iterations add only ~ mP to NP. The power law would instead allow
(m+ N +1)P — NP =~ pNP~Y(m +1) > mP.
Therefore, a critical schedule cannot have a very uneven split.
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The Silver Exponent

Consider two identical m-step blocks, each with stepsize sum s:

Kaizhao Liu @ MIT

H2m+1 = (Hm7 bu Hm)v

MIT SPAMS

2s+b =
~——
skip b

082

b
—~—

select b
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The Silver Exponent

Consider two identical m-step blocks, each with stepsize sum s:

2
CS
H = (Hm,b, H 2 b ~ —
2m—+1 ( my Yy m)v s+ b
skip b ~~
select b

Let p. = (25 + b)/s. The relation above gives
pe(pe—2)=¢c = p.=1++V1+c
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The Silver Exponent

Consider two identical m-step blocks, each with stepsize sum s:

2
CS
H = (Hm,b, H 2 b ~ —
2m—+1 ( my Yy m)7 s+ b
skip b ~~
select b

Let p. = (2s + b)/s. The relation above gives
pe(pe—2)=¢c = p.=1++V1+c

The stepsize sum grows by p. when the number of steps roughly doubles. lIts reciprocal
predicts the exponent

pot = (20T TP p(e) = logy(1+ VI Fc).

Crucially, ¢ = 1 gives the silver exponent.
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Bending the Trajectory (Ye and Liu 2026b)

o) (a) Local gradients V®;(x;)

(0,7)

(up to scale)

liv1

K+

—//

R

Inactive
Vo, =0

(b) GD iterates

hy, = b;
D;G; = Dj+

Active

o,

~/

D;

The gradient starts (near) horizontal and approaches (e, —1) just before the checkpoint.
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Bending the Trajectory (Ye and Liu 2026b)

o) (a) Local gradients V®;(x;) (b) GD iterates
(up to scale) Lli+1)
(0,7) !
Xt i
;
R i
Inactive i\ hy, = b
(c,0) vV, =0 \ | D;G; = D

() :

\ Active

liv1 iz
/7 2
L
0 L iy
(g,-1) ~/ D;

The gradient starts (near) horizontal and approaches (e, —1) just before the checkpoint.
Most of the checkpoint step is utilized to increase the output. Consequently,

[ c improves from 2 to /1 + 2y + €2 — 1. }
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Construction of a Local Trajectory

Build backward from the
o\ pre-checkpoint gradient
(e, —1).

2 The shaded triangles
> scale by the stepsize «;.
AN The preceding gradient
(e,-1) .

stays on the arc.

0jqj-1

rji-1= ("j—lﬁ)’j—l)

Ujy =uj+o;pj-1, Vi1 =Yj+0qj-1
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A Smooth Function for the Reference Trajectory

For a convex function g : R — R, define its Moreau envelope which is convex and 1-smooth

£(2) = min {g(w) + 31z — w]*}
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A Smooth Function for the Reference Trajectory

For a convex function g : R — R, define its Moreau envelope which is convex and 1-smooth
7(2) = min {g(w) + 31z —w]?}
For the support function g(z) = max,cx (v, z) with K compact and convex,

Vi(z) = Ik (2)

closest point to z in K
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A Smooth Function for the Reference Trajectory

For a convex function g : R — R, define its Moreau envelope which is convex and 1-smooth
7(2) = min {g(w) + 31z —w]?}
For the support function g(z) = max,cx (v, z) with K compact and convex,

Vi(z) = Ik (2)

closest point to z in K

Set
V ={0,vo,...,0m,(c,0)}, K = conv V.

The previous construction gives

Thus f realizes the reference trajectory.
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Fitting the Reference Trajectory into the Chain

Original trajectory f

T'm+1

o

<«———gap motion < ¢s;———>

Kaizhao Liu @ MIT

Scaled trajectory ®;

i)
shrink
+ translate
—_—
Dy
u
ligg -\ -
l; + D; )
——// LitDi X0
2
~// D; >
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Eliminating Gradient Interference from the Previous Component

For 2 < i < k, the previous component ®; 1 also depends on the current component’s input
coordinate z(¥).

1 , 4 ) ‘
OiF (x) = 3 Ba®;—1(z ), 2)) 4 9@ (2, D)
previous Egmponent current component

The gradient from the previous term could modify the reference trajectory.
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Eliminating Gradient Interference from the Previous Component

For 2 < i < k, the previous component ®; 1 also depends on the current component’s input
coordinate z(?).

1 , 4 ) ‘
OiF (x) = 3 Ba®;—1(z ), 2)) 4 9@ (2, D)
previous Egmponent current component

The gradient from the previous term could modify the reference trajectory.

Lemma (Ye and Liu 2026b, §3.1)

v>l; = 0Pi_1(u,v) =0 for every wu.

During gap 1, a;gz) > {;, so regardless of how earlier coordinates move, the extra gradient from
the previous component is zero.

Kaizhao Liu @ MIT MIT SPAMS October 8, 2026 19 /27



The Strongly Convex Case

Let F,.(R?) be the class of u-strongly convex L-smooth functions on R%. Let & := L/u be

the condition number. The worst-case performance can be quantified by
2

Iy — T
D,, x(H) := sup sup sup 2z d
deN feFy).1(RY) ToFas

To — T2

By x(H) = sup sup sup M

deN feFy .1 (RY) zofas f(xo) - f(x*)
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The Strongly Convex Case

Let F,.(R?) be the class of u-strongly convex L-smooth functions on R%. Let & := L/u be
the condition number. The worst-case performance can be quantified by

= H$n - $>x<||2
Doty =sup s sup Pt @
deN feF . 1(R?) zoFw- Zo — x*H
En,n(H) (= 8sup sup sup M (3)

deN feFy .1 (RY) zofas f(x0> — f(xs)

For a target error 0 < £ < 1, define the iteration complexities by
Tp(k,e) :=inf{n € N>y : 3H € [0,00)" with D,, ,(H) < ¢},
Tg(k,e) :=1inf{n € N>1 : 3H € [0,00)" with E, .(H) < }.
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The Strongly Convex Case

Let F,.(R?) be the class of u-strongly convex L-smooth functions on R%. Let & := L/u be
the condition number. The worst-case performance can be quantified by

= H$n - $*||2
Dy (H) :=sup  sup sup T 2)
deN feFy /1 (RY) zoFzs [1T0 — T||
EH,H(H) (= 8sup sup sup M (3)

deN feFy .1 (RY) zofas f(x0> - f(x*)

For a target error 0 < ¢ < 1, define the iteration complexities by

Tp(k,e) :=inf{n € N>y : 3H € [0,00)" with D,, ,(H) < ¢},
Tg(k,e) :=1inf{n € N>1 : 3H € [0,00)" with E, .(H) < }.

Altschuler and Parrilo 2025a established O(/il/psil log(1/¢)) bounds for Tp and T.

Kaizhao Liu @ MIT MIT SPAMS October 8, 2026 20 / 27



What Strong Convexity Changes

Add a quadratic to the smooth convex chain:

x| 1-1/k N
F(z) = HQ/E + 2/ Z@i(ac(),x( 1),

Kaizhao Liu @ MIT MIT SPAMS October 8, 2026 21 /27



What Strong Convexity Changes

Add a quadratic to the smooth convex chain:

x| 1-1/k N
F(z) = HQ/E + 2/ Z@i(x(),x( 1),

When the stepsizes in a gap are small relative to x, quadratic motion alone contracts the
active coordinate by roughly e—5i/%.
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What Strong Convexity Changes

Add a quadratic to the smooth convex chain:

x| 1-1/k N
F(z) = HQ/E + 2/ Zfbi(x(),x( 1),

When the stepsizes in a gap are small relative to x, quadratic motion alone contracts the
active coordinate by roughly e—5i/%.

If the next component activates above threshold ¢; and the incoming excess is D;, decay
can erase that excess before the checkpoint. A large ratio ¢;/D; makes this especially
dangerous.
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Controlling the Contraction by Blocking

Partition H into blocks of length m.
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Controlling the Contraction by Blocking

Partition H into blocks of length m.The smooth convex case suggests a mPs1T°(1) gap mass
for m updates. Strong convexity is mild within a block while this is small relative to k.

mPsil ~ g — m Kl/psil_
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Controlling the Contraction by Blocking

Partition H into blocks of length m.The smooth convex case suggests a mPs1T°(1) gap mass
for m updates. Strong convexity is mild within a block while this is small relative to k.

mPsil ~ g — m Hl/psil_

@ In a block, select checkpoints as in the smooth convex case and use bending.

@ Regular m-step blocks lose only a constant fraction of excess.
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Controlling the Contraction by Blocking

Partition H into blocks of length m.The smooth convex case suggests a mPs1T°(1) gap mass
for m updates. Strong convexity is mild within a block while this is small relative to k.

mPsil ~ g — m Hl/psil_

@ In a block, select checkpoints as in the smooth convex case and use bending.
@ Regular m-step blocks lose only a constant fraction of excess.

@ If no checkpoint is selected, the unselected mass is carried forward, causing the gap mass
to keep growing.
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Repairing a Long Unselected Gap

If carried gap mass becomes too large, insert checkpoints to restore a controlled
threshold-to-excess ratio ¢;11/D;y1 ~ s;/b;.
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Repairing a Long Unselected Gap

If carried gap mass becomes too large, insert checkpoints to restore a controlled
threshold-to-excess ratio ¢;11/D;y1 ~ s;/b;.

Lemma (Liu and Ye 2026, Lemma C.1)

Let hy,...,h, >0 and S =3, | hy > 0. Either some stepsize satisfies hy > 3S/4, or there
are u < v with

v—1
Z hi < min{hy, hy}.
t=u+1
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Repairing a Long Unselected Gap

If carried gap mass becomes too large, insert checkpoints to restore a controlled
threshold-to-excess ratio ¢;11/D;y1 ~ s;/b;.

Lemma (Liu and Ye 2026, Lemma C.1)

Let hy,...,h, >0 and S =3, | hy > 0. Either some stepsize satisfies hy > 3S/4, or there
are u < v with

v—1
Z hi < min{hy, hy}.
t=u+1

o Using a Huber component, the repair construction retains > (r + 1)~ of its excess.

@ There is < 1 such repair per block, causing an O(logm) log-excess loss per block.
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Bridging and the Exponential Lower Bound

@ We place a Huber bridge to eliminate gradient interference from the previous component
at the next selected checkpoint, allowing bending to resume.
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Bridging and the Exponential Lower Bound

@ We place a Huber bridge to eliminate gradient interference from the previous component
at the next selected checkpoint, allowing bending to resume.

o Log-excess losses add to O((n/m)log(m + 1)) in total:

min{D,, .(H), E, (H)} > exp [—C’% log(m + 1)] .
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Bridging and the Exponential Lower Bound

@ We place a Huber bridge to eliminate gradient interference from the previous component
at the next selected checkpoint, allowing bending to resume.

o Log-excess losses add to O((n/m)log(m + 1)) in total:
min{D,, .(H), E, (H)} > exp [—C’% log(m + 1)] .
e To guarantee error < ¢, we need C'(n/m)log(m + 1) > log(1/e):

m
> — 1/p51170(1)
nz Tog(m + 1) log(1l/e) =k log(1/e).
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Concluding Remarks

@ The arguments can be adapted to negative stepsizes.

@ Can the o(1) term be eliminated?
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