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Abstract

Understanding the limitations of gradient descent (GD) has long been a central problem in optimiza-
tion. On smooth strongly convex objectives, a recent breakthrough by Altschuler and Parrilo [ ]
showed that GD can be accelerated to O(k'/Psilog(1/€)) iterations using the silver stepsize schedule,
where K is the condition number, € is the target relative accuracy, and pg = log, (1 ++/2), improving
the polynomial dependence on k compared to the classical O(xlog(1/€)) bound for constant-step GD.
However, the best-known lower bound has remained Q(v/k1og(1/€)), established by Nemirovsky and
Yudin [ ] over four decades ago.

In this paper, we prove that GD with any predetermined stepsize schedule requires
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iterations to reduce either the squared distance to the minimizer or function suboptimality by a factor €.
This matches the polynomial exponent of k achieved by the silver stepsize schedule.

As in our previous work on smooth convex objectives [ ], we construct the hard instance from
a chain of local hard functions, where the next coordinate in the chain becomes active at selected steps
called checkpoints. The main difficulty arises from the additional quadratic term required by strong con-
vexity, whose step-by-step contraction of the iterates toward the minimizer can destroy the lower bound
if the total stepsize between consecutive checkpoints is too large. We overcome this by sequentially scan-
ning the stepsize schedule block by block to choose the checkpoints, while inserting repair components
at carefully chosen steps whenever the accumulated unselected stepsize grows too large.

* Authors are listed in random order.
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1 Introduction

Gradient descent (GD) is one of the simplest and most fundamental algorithms in optimization. To mini-
mize a differentiable function F : R — R, GD proceeds via the iteration

X = X1 —hVF(x;-1), 1<r<n,

where the stepsize /; controls how far the iterate moves along the negative gradient direction.

In this paper, we study the fundamental limits of GD for smooth strongly convex minimization when
its stepsize schedule H = (hy,...,h,) € [0,00)" is predetermined. Throughout, we assume F is p-strongly
convex and L-smooth, with unique minimizer x,. Let ¥ := L/ denote the condition number.

Classical Upper Bounds. The convergence analysis of GD has a long history. For quadratic objectives,
Young [ ] showed that Chebyshev stepsizes reduce the squared distance to the minimizer by a factor
of 0 < € < 1/4in O(y/xlog(1/€)) iterations. '

For general smooth strongly convex objectives, classical guarantees for constant-step GD are estab-

lished by bounding the progress of each iteration separately [ ]. This yields an O(xlog(1/¢€)) iteration
complexity for reducing either the squared distance to the minimizer or function suboptimality by a factor
0 < € < 1/4; see also the textbooks [ , , ].

Further improving this rate, particularly its dependence on k, has long motivated the development of
accelerated first-order methods. Standard approaches often add momentum or auxiliary sequences, as in
Polyak’s heavy-ball method [ ] and Nesterov’s accelerated method [ ]. The latter achieves an
O(v/klog(1/¢)) iteration complexity. These methods, however, modify the original GD update.

Acceleration via Stepsize Schedules. Compared with general smooth strongly convex objectives,
quadratic objectives have additional structure [ , Chapter 8], allowing Chebyshev stepsizes to attain the
accelerated O(v/klog(1/¢€)) iteration complexity discussed above. Beyond quadratics, however, whether
predetermined stepsizes alone could accelerate GD remained open for decades.

Altschuler observed that analyzing steps individually fails to capture the benefits from coordinating short
and long steps in his thesis [ , Chapter 8]. A joint analysis of multiple steps is therefore necessary to
establish any improvement over the best constant stepsize. Building on this observation, Altschuler and
Parrilo [ ] achieved a major breakthrough by introducing the recursive silver stepsize schedule. This
schedule improves the iteration complexity from O(klog(1/€)) to O(x'/Psilog(1/€)), where

il :=log, (14 /2) = 1.27155.

In the same work, they also conjectured its optimality. The classical first-order lower bound Q(y/klog(1/¢))
[ , ] leaves a polynomial gap with respect to the silver upper bound. Therefore, the central
question is whether we can close this gap by proving a stronger lower bound for GD.

Progress on Lower Bounds. We briefly review the history of lower bound constructions and the founda-
tional ideas that motivate our approach. For a quadratic objective F (x) = 1 (x—x.) "A(x—x,), the component
of the error along an eigenvector of the Hessian A with eigenvalue A is scaled by [/, (1 —,A) after n GD
steps. Among predetermined stepsize schedules, the Chebyshev schedule minimizes the maximum absolute

value of this product over A € [u, L], yielding the tight Q(/xlog(1/€)) lower bound [ ].

IThese stepsizes are the reciprocals of the roots of a degree-n Chebyshev polynomial of the first kind, shifted and scaled to
[, L].



Two one-dimensional quadratics are sufficient to yield a lower bound for constant-step GD for the gen-
eral class of smooth strongly convex functions. Indeed, any constant stepsize A satisfies [ ]
K—1
K+1

max{|1 — hy|, |1 —hL|} >

Thus, for at least one of the functions F(x) = px*/2 and F(x) = Lx?/2, the squared distance after n steps
remains at least ((k — 1) /(x+1))?" times the initial squared error. These examples yield the Q(xlog(1/€))
lower bound for constant-step GD on the full function class. See [ , Section 2.1] for details.

For the broader class of deterministic first-order methods, which access the objective through func-
tion values and gradients at arbitrary points, Nemirovsky and Yudin [ ] established the classical
Q(v/klog(1/€)) lower bound. Their resisting oracle chooses the unrevealed coordinate directions as new
queries arrive, even when those queries depend adaptively and nonlinearly on previous function values
and gradients. These choices keep the unrevealed part of the minimizer orthogonal to the queried points
and returned gradients, without changing the function values or gradients at any previously queried point.
For methods satisfying the linear-span assumption”, Nesterov [ ] provides a simpler quadratic-chain
construction. By initializing at the origin, each iteration discovers at most one new coordinate direction,
while the minimizer has nonzero coordinates further along the chain. The gap between the optimal objective
value over the first n coordinates and that over the full space establishes the desired lower bound.

Subsequent work established finite-horizon lower bounds with exact constants for squared distance to

the minimizer [ ] and function suboptimality [ ]. These works also employ a resisting-oracle
argument similar to that of Nemirovsky and Yudin [ ] to establish their lower bounds for arbitrary
deterministic first-order methods. To obtain sharp constants, [ ] constructs smooth strongly convex

functions from finitely many points alongside their corresponding function values and gradients. This ap-
proach is intimately connected to the interpolation techniques used in performance estimation problems
(PEPs), discussed in Section 1.2.3.

Our recent work [ ] proved an Q(n*l’sﬂfo(l)) lower bound in the smooth convex setting, matching
the polynomial exponent of the corresponding silver upper bound. Although upper bounds can be transferred
between smooth convex and strongly convex optimization via standard black-box reductions [ ], these
techniques do not readily yield an analogous lower bound in the strongly convex regime. Instead, one should
manually extend the lower-bound construction, where the primary difficulty becomes accommodating the
quadratic term required to ensure strong convexity.

1.1 Our Contributions

We prove a lower bound of Q(x!'/7si=(D1og(1/¢)) for the iteration complexity of GD with predeter-
mined nonnegative stepsizes. This matches the silver exponent in the upper bound of Altschuler and
Parrilo [ ].

To state our results, let ﬁuL(Rd ) denote the class of differentiable p-strongly convex functions on R?
with L-Lipschitz gradients. For a normalized® schedule H, which may depend on k and the horizon n, define
the worst-case ratios for squared distance to the minimizer and function suboptimality, each relative to its

2The assumption is x; € xg +span{VF(xg),...,VF(x;_1)} [ , Assumption 2.1.4].
3Dividing the objective by L and multiplying each stepsize by L preserves the iterates. We therefore normalize L = 1 and
u = 1/x for our strongly convex results.



initial value, by

Dyx(H):=sup  sup  sup ()

deN FeFy ) (RY) Xo#x.

xO_x*HZ’

F — F(x,
E, «(H):=sup sup sup F(x,,)F(x)
deN Fe?, o\ (Y xoitx. F(X0) = F(x:)

Both ratios satisfy the following lower bound.

Theorem 1.1 (Convergence lower bound). There are absolute constants C1,Cy, Ky > 0 such that, for every

K > Ko, every integer n > 1, and every predetermined nonnegative schedule H € [0,00)",

min{D, «(H),E, «(H)} > exp [—Cln K~/ Pl log iceC2VI0eK | )
For a target reduction factor 0 < € < 1, define the iteration complexities by

Tp(x,€) :=inf{n € N> : 3H € [0,)" with D, «(H) < €},
Tr(x,€) :==1inf{n € N> : 3H € [0,)" with E,, ,-(H) < €}.

Corollary 1.2 (Iteration complexity). There are absolute c¢,C > 0 such that, for sufficiently large K and
every 0 < € < 1,
w1/ psi . 1
. L S
mm{TD(K’g)’TE(K’E)}_Cec\/l"ﬂlogic og 3)
The Q(x!'/Psi=(D10g(1/¢)) iteration lower bound in Corollary 1.2 matches the O(x!/Pslog(1/€)) up-
per bound of [ ] up to a subpolynomial factor in k.* The lower and upper bounds contain the same
multiplicative factor log(1/€). Table 1 compares our iteration lower bound with the best known asymptotic
upper and lower bounds across different objective and algorithm classes.

Objective class Algorithm class Lower bound Upper bound
Q(xlog(l/e O(xlog(1l/e
General Constant-step GD ( [ el ]/ ) ( [ el ]/ )
Q(vklog(l/e O(vklog(l/e
Quadratic Predetermined-step GD (\[F g(]/ )) (\f g(]/ ))
Q(vklog(l/e O(vklog(l/e
General Deterministic first-order methods (\F og(1/ )) (\F og(1/ ))

[ ] [ 1

!/ Psitlog(1/€) 1
=~ 7 /si
Q( eCVIogK|og i O(k!/tlog(1/¢))

This work [ 1

General Predetermined-step GD

Table 1: Iteration complexity on smooth strongly convex objectives.’

4The gap to the silver upper bound is the factor e€vV1°¢¥ Jog k& = k(1) in (3).
3 All bounds hold for sufficiently large x and concern reducing squared distance to the minimizer by a factor 0 < £ < 1 /4. Some
classical bounds are folklore. With limited access to early literature, we cite the earliest relevant sources we could verify.



1.2 Related Work
1.2.1 The special case of quadratic optimization.

On a quadratic objective with Hessian A = V2F, the error x, — x, after n GD steps is a polynomial in A
applied to the initial error xo — x,. Young [ ] achieved the optimal O(y/klog(1/¢€)) complexity by
choosing stepsizes as reciprocals of the roots of a shifted and scaled Chebyshev polynomial. Early formu-
lations of the associated Chebyshev minimax problem appear in [ , ], with a modern treatment
in [ ]. Conjugate gradients use a three-term recurrence, with coefficients that adapt to the particular
problem instance [ ]. Polyak’s heavy-ball method adds momentum to GD and, with suitable fixed pa-
rameters, attains the accelerated asymptotic distance factor (v/k —1)/(1/k + 1) on strongly convex quadrat-
ics [ ]. A three-term momentum recurrence with suitably chosen iteration-dependent coefficients can
also generate the normalized Chebyshev polynomials.

Another approach uses the arcsine distribution, the limiting distribution of Chebyshev roots, to design
randomized stepsize schedules [ , , ]. In exact arithmetic, permuting a fixed set of stepsizes
does not change GD’s final iterate on a quadratic objective. However, the order still affects numerical
stability, motivating the study of stable Chebyshev orderings [ , ]. For general nonquadratic
objectives, the order can affect convergence itself. This is one reason why the quadratic analysis does not
directly carry over to general smooth strongly convex objectives; see [ , Chapter 8] for a comparison.

1.2.2 General smooth (strongly) convex optimization.

With a suitable constant stepsize, GD reaches normalized function suboptimality at most € in O(1/¢€) it-
erations for smooth convex objectives. For smooth strongly convex objectives, the iteration bound is

O(xlog(1/€)) for reducing function suboptimality by a factor € [ , , ]. Early analyses
cover local convergence [ ], global convergence for strongly convex objectives [ ], and projected
gradient methods on bounded convex sets [ ]. An adaptive alternative is exact line search, which chooses

the stepsize that minimizes the objective along the current descent direction. However, its tight worst-case
iteration complexity on smooth strongly convex objectives remains @(xlog(1/¢)) for reducing function
suboptimality by a factor € [ 1.

The first provable gains from predetermined stepsize schedules beyond quadratic objectives were es-
tablished in Altschuler’s thesis [ , Chapter 8], which analyzed two- and three-step schedules in the
strongly convex setting. Repeating these short schedules improves constants in the classical O(xlog(1/¢))
iteration complexity. The remaining challenge was to improve the exponent of k. A breakthrough came
when Altschuler and Parrilo [ ] introduced the silver stepsize schedule, improving this complexity
from O(klog(1/€)) to O(k'/Pstlog(1/¢€)). They conjectured that the exponent 1/pg; is optimal among all
predetermined stepsize schedules. For separable smooth strongly convex objectives, they further showed that
GD with i.i.d. arcsine-distributed inverse stepsizes satisfies (||x, — x| /|lxo —x.]|) U (VK= 1)/ (VK +1)
almost surely [ 1. We refer to their survey [ ] for a broader overview.

In the general smooth convex setting, Grimmer [ ] proved that periodic long steps improve the
function suboptimality bound by a constant factor when the initial level set is bounded. Altschuler and Par-
rilo [ ] later extended their silver schedule from strongly convex to general smooth convex objectives,
achieving normalized function suboptimality at most € in 0(8*1/ Psit) jterations. [ ] subsequently
improved the constant in the bound on function suboptimality and extended the silver rate to squared gra-
dient norm. [ ] determined the exact worst-case bound on function suboptimality of the original
silver schedule at horizons n = 2K — 1. [ ] and [ ] gave rules for combining shorter sched-
ules to obtain the silver rate for arbitrary prescribed horizons. Under these symmetric composition rules,

®For L-smooth convex objectives, this accuracy target is F(x,) — F(x:) < €(L/2)]|x0 — x|



[ ] proved that recursively joining schedules whose lengths differ by at most one minimizes the
worst-case bound on function suboptimality at each horizon. Related developments include anytime accel-
eration [ ] and accelerated proximal gradient methods [ ].

Acceleration through stepsize choice has also been studied in learning problems and min-max optimiza-
tion. For linear regression, periodic schedules combining short and long steps exploit clustered Hessian
spectra to accelerate GD [ ]. For linearly separable logistic regression, a large constant stepsize cho-
sen for the iteration horizon yields an FOV(n*Z) loss bound [ ]. Related guarantees hold for certain
two-layer neural networks trained with logistic loss [ ]. Large constant stepsizes also acceler-
ate strongly convex regularized logistic regression on linearly separable data under suitable regularization
conditions [ ]. More recently, prescribed increasing stepsize schedules yield stretched exponen-
tial loss decay for separable logistic regression [ ]. Beyond minimization, power-law stepsize
schedules accelerate the last-iterate convergence of extragradient for unconstrained biaffine min-max prob-
lems [ ].

1.2.3 Performance estimation.

Performance estimation problems (PEPs) formulate the worst-case performance of a given first-order
method after a prescribed number of iterations as an optimization problem [ 1. For fixed-step methods’
exact interpolation conditions characterize which function values and gradients at finitely many points can
come from a single function in the specified class [ ]. These conditions allow the PEP to be reformu-
lated as a semidefinite program. Solving the resulting program numerically or analytically can yield a tight
convergence guarantee. Optimizing this guarantee over the method’s coefficients then provides a systematic
way to design first-order methods with optimal convergence guarantees within a chosen class [ 1.

The PEP framework has led to sharper upper bounds and, in several settings, methods that attain the
corresponding lower bounds. In the general smooth convex setting, [ ] used this approach to develop
the optimized gradient method (OGM), whose bound on function suboptimality was later proved optimal in
both rate and constant [ 1. [ ] subsequently established OGM’s uniqueness in the corresponding
minimax problem over fixed-step methods. Branch-and-bound has also been used to numerically solve
the minimax problem for GD with n < 25 steps, yielding predetermined stepsizes that minimize the worst-

case function suboptimality [ , Section 6.1]. On smooth strongly convex objectives, the PEP
framework also yielded a method attaining the exact lower bound on squared distance to the minimizer for
deterministic first-order methods [ , ]. For function suboptimality in the same setting, [ ]

derived exact lower bounds and methods attaining them. For a broader perspective on minimax optimality,
see the survey [ ].

1.2.4 Asymptotic lower bounds for GD.

GD with predetermined stepsizes forms a strict subclass of deterministic first-order methods, so classical
first-order lower bounds do not determine GD’s optimal rate. For smooth convex objectives, [ ]
proved that the exponent pg; is optimal for function suboptimality within their recursively generated class
of schedules. More recent lower bounds apply to arbitrary predetermined nonnegative schedules. [ ]
proved an Q(n~'93!%) lower bound on function suboptimality for predetermined nonnegative stepsizes, giv-
ing the first polynomial improvement over the classical Q(n~2) bound. [ ] sharpened this to Q(n~V?3)
using the same construction. [ ] improved this lower bound to Q(n~63#?), even for possibly negative
stepsizes. [ ] subsequently introduced a family of hard functions built from chains of one-sided Huber
components that gives an Q(n_l°g2(1+\/§)) lower bound for positive schedules. Our previous work [ ]

"These methods use predetermined coefficients to combine past gradients and may use momentum.



further refined this construction to obtain an .Q(n_l’sﬂ_"(l)) lower bound. This shows that the polynomial
exponent pg; in the O(n~Psi!) upper bound is optimal. Section 2.1 reviews these construction ideas, which
form the starting point for our strongly convex hard function.

2 Overview of Proof Idea

In this section, we first review the lower bound constructions for smooth convex objectives. We then explain
how to adapt our construction [ ] to the strongly convex setting. The main difficulty comes from the
quadratic term needed to make our hard function strongly convex.

2.1 A Review of Existing Techniques

Nesterov’s quadratic zero-chain. The classical Q(n2) lower bound for smooth convex optimization is
due to Nemirovsky and Yudin [ ]. Here, we recall the chain construction for methods satisfying the
linear-span assumption?, as presented in [ , Section 2.1.2]. For example, with d = 2n+ 1, consider the
convex, 1-smooth function

d—1
Flx) = é (1—202 £ Y () - xUHD)2 4 ()2
i=1
For 0 < r<d,if x'*D) = ... = x(4) = (), then (Vf(x))(j) =0 for j > r+2.3 Consequently, GD started at

xo = 0 satisfies *9) = 0 for J > t, regardless of the stepsizes. The minimizer has xg J=1- j/(d+1)>0in
every coordinate. Minimizing f over vectors whose coordinates after n are zero gives

2Ufn) )] 3
lxo —x||>  — 16(n+1)%

The strongly convex counterpart yields the classical Q(y/klog(1/€)) iteration lower bound [ , Sec-
tion 2.1.4].

The Checkpoint Method [ ]. For GD with predetermined nonnegative stepsizes, the classical
Q(n2) lower bound also applies. Whether this bound could be improved for such methods was a long-
standing question. Ma and Chen [ ] introduced a checkpoint method that improved it to Q(n=1319),
This method delays the activation of a new coordinate until a selected step, allowing the lower bound to
depend on the given stepsizes. We briefly recall the method. Given a stepsize schedule H = (hy,...,h,),
we select a set of stepsize indices T = {#; < --- < 1 } called checkpoints. The sequence of updates between
successive checkpoints forms a gap. For each chosen checkpoint set, the construction gives a hard function
and an associated score; larger scores yield stronger lower bounds on function suboptimality. To obtain the
best possible lower bound, the checkpoint method seeks to maximize this score over all possible checkpoint
sets T'.

To make this maximization tractable, these hard functions are constructed so that the score depends
solely on the stepsize at each checkpoint and the sum of the stepsizes within each gap. To formalize this, let
to = 0 and #x+ = n-+ 1, and define the checkpoint stepsizes b; and sums of gap stepsizes s; by

ti—1

bi=h, (1<i<k), s:= Y h (1<i<k+1).
t=ti_1+1
8This is the first-order zero-chain property [ , Definition 1]: the gradient can introduce at most one new coordinate.
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Figure 1: The checkpoint stepsizes are b; = h;, (purple). Each brace marks the sum of gap stepsizes s;.

Ma and Chen [ ] construct a smooth convex hard function whose gradient remains constant within
each gap. Consequently, the displacements within a gap simply accumulate and depend only on the sum of
gap stepsizes s;. At checkpoint ¢, the step of size b; forces GD to explore a new dimension. This strategy is
reminiscent of Nesterov’s lower bound construction: to sustain a strong lower bound, GD cannot be allowed
to make continuous progress in the same dimension throughout the run. For a geometric explanation of Ma
and Chen’s construction, see [ , Appendix A]. When identifying a checkpoint set that maximizes the
score, this intuition also provides a natural heuristic: updates with larger stepsizes are strong candidates. If
an update features a large stepsize while the gradient continues in the same direction, it allows GD to travel
too far along that dimension, decreasing the function value too rapidly.

However, while this heuristic is conceptually straightforward, rigorously identifying the checkpoint set
that maximizes the score is a highly nontrivial combinatorial problem. Our previous work [ ] gives a
finer analysis of the factors coupling consecutive checkpoints in the same construction, improving the lower
bound from Q(n=1%319) to Q(n=16342),

Transfer via Local Hard Functions [ 1. [ ] further improved the lower bound of [ ] to
Q(n~1o(+v3)) where log, (1 ++/3) ~ 1.4500. Note that the hard function in [ ] is constructed glob-
ally, which introduces complex dependencies between neighboring gaps into the resulting score. To simplify
these dependencies, [ ] construct a chain of local hard functions that couple only adjacent coordinates,
much like Nesterov’s quadratic zero-chain above. Our construction uses the same chain structure, so we first
describe the general framework and notation here. In the smooth convex setting, the objective is the sum of
these two-dimensional functions and a final one-dimensional component:

k
F(x):= % ZCI)i(x("),x("H)) + %@kﬂ(x(kﬂ)), xXo = ey, X, = 0. ()
Here k = |T'| < n is the number of checkpoints. The initial point e; is the first coordinate vector. We call each
®; a local hard function, or simply a component of F. Each should be nonnegative, convex, and 1-smooth.
For 1 < i<k, ®; : R* — R acts on the adjacent coordinates (X,¥) = (x(), x("t1)), while &, : R — R acts
only on x® 1) We call X and Y the input and output coordinates respectively, and write dy®; and dy ®; for
its derivatives with respect to X and Y. The key idea is to make these components active successively, where
a component is active when its gradient is nonzero. During gap i, ®; is active and all later components have
zero gradient. At the end of the gap, checkpoint #; activates ®; ;.
To activate the components in this order, we choose an activation threshold ¢; > 0 for ®; so that

P;(X,Y)=0, V&;(X,Y)=0 wheneverX <¢;, Y >0.

Thus, as long as ¥ > 0, the component cannot be active until its input X exceeds ¢;. The final component
satisfies @11 (Y) = &), (Y) = 0 whenever Y < /. At the beginning of gap i, write

() 245y = (64 D, 0),



where D; > 0 is the input’s excess above the threshold ¢; at the start of the gap. Initially, ¢; = 0 and
Dy = 1. During gap i, the construction keeps x\"t!) < ¢, | and all further coordinates at zero. At checkpoint
t;, coordinate i + 1 rises to ¢;| + D1, crossing the threshold. Given (¢;,D;) and the prescribed gap, we
construct ®; and choose ¢;; ;. The checkpoint update determines D;. , and the pair (¢;11,D;;1) becomes
the starting data for the next component. In our smooth convex construction [ ], we also require
d.i+1y®; = 0 whenever x> ¢, independently of x(!). The shared coordinate x('!) stays above £,
during the next gap, so ®; no longer affects its update. Figure 2 illustrates this construction.

q)i(x(i)7x(i+l)) q)i-H (x(i+1)7x(i+2))
XU+ x(i+2)
Xt - &, activates
BX(HI)(DI- =0 b; Di D11 =0 at1;
liy
xtifl
1 e () 0 P - S (i+1)
0 2 i iy Xi—1 fiy Xty
D; Di+y

Figure 2: Activation of ®;; at checkpoint ¢;. Gap steps are purple and the checkpoint step is orange.

For a fixed checkpoint set, a larger final excess Dy, gives a larger lower bound on function suboptimal-
ity. We therefore seek a large transfer ratio Dy /D; when constructing each local hard function.

In [ ], the two-dimensional local hard functions ®; are constructed as scaled one-sided Huber
functions:

1
CI),-(X,Y) = EHZD,-/(ZJrsi)(X_Y_Ei)'

Here Hj is the one-sided Huber function defined in Section 3.2. With the threshold ¢; | = 5;D;/[2(2+s;)].
the transfer ratio D;y/D; = b;/[2(2+ s;)] depends only on b; and s;. A suitable choice of ¥y gives

Fl) —F(x) 1 k(D,~+1>2: 1 k[ b; ]2 5
o — x| —4(1+sk+1)g D 4(1+sk+1)11]1 202+s)] )

The expression on the right is the score for this construction. By maximizing this score over all checkpoint
sets, [ , Section 3] obtain the lower bound Q(n_1°g2(1+*/§>).9

Bending the Local Trajectory [ ]. The local hard functions in [ ] have constant gradients
during their respective gaps. These gradients decrease X and increase Y by equal amounts, accounting for
the coefficient 2 of s; in the denominator 2(2+s;) in (5) [ , Section 2]. To reduce this loss, our previous
work introduces a construction that bends the GD trajectory within each gap [ , Section 3.1]. For a
checkpoint set with b; > 2, the construction gives the score

1 k [ bi —2 ]2
4(1+sp41) it Lela+si) ]

9In general, the argument in [ , Section 3 and Appendix C] suggests a lower bound of order n~ 108 (1+V1+¢) \when the
coefficient of s; in the denominator of the transfer ratio D;/D; is c¢. The factor b;/[2(2 + s;)] in (5) corresponds to ¢ = 2.

10



Here a and ¢ > 1 are constants determined by the construction, where ¢ can be made arbitrarily close to 1.
A recursive analysis of this score then yields the lower bound Q(n—Psi—o()) [ , Section 3.2].

2.2 QOur Construction: Handling Quadratic Contraction

Using the notation above, we replace the final component in (4) by a quadratic term and scale the remaining
sumby 1 —1/k:

1 1 K )
F(x):= ﬂHXW 1=1/x ZCID £, xo=ej, x.=0. (6)

The resulting F is 1-smooth and 1/x-strongly convex. As in the smooth convex setting, we seek a large final
excess Dy 1 = Hf;l (Dji+1/D;) and use it to bound the final error.

Quadratic Contraction. However, preserving the excess is harder in the strongly convex setting, since
the added quadratic term can reduce it during a gap. For s; < Kk, the quadratic term alone scales the input
coordinate x(?) by x;i, while the threshold ¢; stays fixed. The excess therefore changes from D; to D;7n;, where

h ¢
xi= 1] (1—t> Xi(li+D;) — ;=D Xi—(l—)(i)*]- (N
1 <t<t; K D

=i

Since x; > 1 —s;/k, the fraction of the excess lost to contraction satisfies 1 — 1; < (s;/x)(1+¢;/D;). We
therefore need to keep s; small relative to x and control the relative threshold {;/D;.

Choosing Checkpoints within Blocks. As in our smooth convex construction, we use bending compo-
nents, adapted to the strongly convex setting (constructed in Section 3.1). The adapted construction depends
on a bending parameter 8.'° For each bending component, Lemma 3.1 gives

DH—I b;—8 Si
D, — Cﬁ(dﬁ +Si+8) ni ( N K') ’

The constants ag > 8 and 1 < cg < 2 depend only on 3, with cg = 1+ O(B) and logag = O(1/). Com-
pared with (b; —2)/(c(a+s;)) in the smooth convex score, the first factor has the same form, with cg in
place of ¢ and different additive constants. Taking B smaller brings cg closer to one, which improves the
exponent of K in the iteration lower bound, but increases ag. We choose f3 at the end of the proof to balance
these effects.

The factor m;(1 — s;/x) in this bound accounts for quadratic contraction. Notice that 1; depends on
the relative threshold ¢;/D; passed from the preceding component ®;_;. Keeping 7; in the score would
make checkpoint selection depend on the local functions constructed in earlier gaps. To simplify checkpoint
selection, we hence omit the whole factor 1;(1 — s;/x) and use the score

k

b; > 8.
lI:Tl aﬁ +S,+8) >

However, maximizing this score over the whole schedule can leave gaps with very large sums of stepsizes
s;. The resulting quadratic contraction can destroy the lower bound. We therefore divide the schedule into
blocks of at most m steps and maximize the score within each block, as formalized in Section 4.1.

190ur smooth convex construction [ , Section 3.1] prescribes the gradients of each local hard function along its gap trajec-
tory by scaling vectors on a circular arc centered at (0,y) for a parameter ¥ > 0. We adapt this construction to the strongly convex
setting with the center (83, 8) (see Section A.1 for details).
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As in our smooth convex analysis [ , Section 3.2], maximality of the chosen checkpoint set im-
poses constraints on the checkpoint stepsizes b; and the sums of gap stepsizes s;. Specifically, the bounds on
the gap sums s; depend on aBmI’S“*O(ﬁ) and the sum of unselected stepsizes carried over from earlier blocks
(see the first inequality in Lemma 4.1 (ii)). Recall that we need s; small relative to K to limit the loss of ex-
cess from quadratic contraction. Therefore, m should be chosen such that ag mPsitOB) ig a sufficiently small
fraction of k. We then use these constraints to account for the omitted contraction factors after checkpoint
selection (see Lemma 5.1).

Repairing Accumulated Unselected Steps. If the chosen maximizing checkpoint set is empty, we select
no checkpoint in that block. When this happens in several consecutive blocks, their stepsizes all contribute to
the same s;. Quadratic contraction can then exhaust the excess D; before the next checkpoint. We therefore
fix a repair limit, a small constant multiple of k. At the end of such a block, once the sum of stepsizes
since the latest checkpoint reaches this limit, we select one or two additional checkpoints, called repair
checkpoints. At these checkpoints, we use Huber repair components, built in Section 3.2 from the one-sided
Huber functions of [ ]. To control the quadratic contraction discussed above, we choose the repair
checkpoints to bound the relative threshold after the repair and keep the remaining stepsize sum below the
repair limit. Section 4.2 gives the detailed selection rule, with basic estimates provided by Lemma 4.2.
The product of transfer ratios over all repairs is at least (m + 1)_0(1+”/ ™) which is eventually proved in
Section 5.2.

Bridging Back to Bending. When constructing the global hard function, we sometimes need to return
to bending components after a repair. However, a bending component ®;, | requires that the preceding
component ®; contribute nothing to the update of x"*1). This means di+1®; = 0 during gap i+ 1 and just
before its checkpoint update. A Huber repair component ®; guarantees only d, 1) ®; < 0, so its contribution
to this update may be positive. We therefore use a bridging component, or bridge, for ®;, |, constructed
in Section 3.3. The bridge works under the weaker condition d 1 ®; < 0. It also satisfies 0 2 ®Pit1 =
0 whenever x(it2) > li12, so a bending component @, can follow it. Since a repair may precede any
nonempty maximizing set, we use a bridge at its first checkpoint and bending components at the remaining
checkpoints. Lemma 5.1 controls the loss from quadratic contraction and shows that the combined transfer
ratio of the bridge and bending components is at least 1/8 of the score. Since the empty checkpoint set has
score 1, every nonempty maximizing set therefore retains at least 1/8 of the incoming excess.

From the Construction to the Main Lower Bound. Combining the 1/8 factors from the nonempty max-
imizing sets with the repair bound over at most 1 +n/m blocks gives

Di+1 > exp[—O((1+n/m)log(m+1))].

The repair rule ensures that the final coordinate xﬁ,kH) remains at least a constant multiple of Dy, ;. Propo-

sition 5.3 and Lemma 5.4 establish the following lower bounds on squared distance to the minimizer and
function suboptimality:

min{ Dy (H), Enx (H)} > exp [-o(”k’g(;””ﬂ |

To strengthen the bound, we choose m as large as possible while keeping aﬁm”sil+0(ﬁ) a sufficiently
small fraction of «, as required in the earlier paragraph Choosing Checkpoints within Blocks. We therefore
take m of order (K/aﬁ)l/l’si'_o(ﬁ); see (24) for the precise choice. Using logag = O(1/f8), we obtain

logx
Psil

logm >

—O(Blogx+é> :
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(a) Scan the blocks from left to right
——

. blockl ., blockj—1 1 block j - | block j+1 e last block

current block
m steps |

(b) Choose a maximizing checkpoint set in block j

\l
Chosen set is nonempty Chosen set is empty
incoming block j incoming

. tail , tail
L e L4

block j

latest chosen Keen the selected checkpoints latest chosen  Add repair checkpoints if the stepsize sum
. selec S : S
checkpoint P P checkpoint reaches the repair limit

! }

(c) Resulting checkpoints and local hard functions

1 1 1 1 1 1 1
L 4 * o o ® * ®
T e R R L)
first selected remaining selected .
checkpoint checkpoints added checkpoints

Figure 3: Selecting checkpoints and local hard functions. If the maximizing checkpoint set of a block is
nonempty, we use a bridge at its first checkpoint and bending components at the remaining checkpoints.
Otherwise, at the end of the block, we add one or two repair checkpoints with Huber repair components
when the sum of stepsizes since the latest checkpoint reaches the repair limit. Repair checkpoints may lie in
the incoming tail between the latest chosen checkpoint and the current block.

Finally, we balance the two terms by choosing B = (log k) ~'/? for sufficiently large x. This gives m >
i!/psitg=O(VIogK) and proves Theorem 1.1.
Figure 3 summarizes how we select checkpoints and local hard functions.

Organization. The rest of this paper is organized as follows. Section 3 constructs the three types of local
hard functions and bounds their transfer ratios D; | /D; and relative thresholds ;1 /D;.. Section 4 provides
the checkpoint selection rule and estimates for the selected checkpoints. Section 5 constructs a hard function
for each prescribed schedule and proves the main theorem.

3 Local Hard Functions: Bending, Repairing, and Bridging

In this section, we present three types of local hard functions ®;(x(?), x("t1)) on adjacent coordinates used in
(6). We first recall the local transfer setup from Section 2.1 and fix the notation used below.

Notation and setup. For the current local hard function ®;, write (X,Y) = (x() x(*1)). Fix an input
threshold /; > 0, an incoming excess D; > 0 above £;, and gap stepsizes 0 < h; < k for 1 < j < mg,,. Here
the stepsize index j starts at one in the current gap. Starting from (Xo,Yy) = (¢; + D;,0), let (X;,Y;) be the
state after j updates. The gap is followed by a checkpoint update with stepsize hm,,,+1 = b; > 0, which

evaluates the gradient at (Xy,,,, Y, ), the state just before this update. We construct the current component
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®; and choose an outgoing threshold ¢;;; > 0 so that
X; >4, 0<Y;<liy1 (0< ) <mgyp), ®)
Yingp+1 = Lit1+Dit1, Diy > 0.

For i < k, the pair (¢;11,D;+1) becomes the incoming data for the next local hard function ®; ;.

Local updates with the preceding component. With later components inactive, (6) gives the local up-
dates, for 1 < j < mgy, + 1:

X; N _@ Xi_q _(1*1/1()]’[1‘ v . ‘ f
()= (=) () -5 wmossnen(g) ®

For i > 1, the term h; f; is the contribution of the preceding component ®;_; to the update of the shared
coordinate x'V), where fj = —(1 —1/x)d,®;_1/2. Here d ®;_; differentiates ®; 1(x'") x()) in the
shared coordinate x!) and is evaluated before step j. Each local hard function below satisfies dy®; < 0, so
fi = 0. For i = 1, there is no preceding component and f; = 0.

To bound the loss from quadratic contraction, recall }; and n; from (7). If s; < K, then

I=L<x<t mz1-2(1+4/D). (10)

For an empty gap, s; =0and y; =1, = 1.

Bending Repairing Bridging
Iy ®; Iy P; oy D;
,e'? 8XCI>i 4 > 8X<I>,- 4 > 8Xq>i
G
o
=
0]
2
s
O
Y = x(iJr]) Y :x(i+l) Y = x(iJr])
A A
oy ®; =0 D, =0 oy ®; =0
8
s
2 bip1 b --------
5 Ei—}—l .
6] \.\.
LR i T .
R > \.\e> .\=>
0 X = ) 0 X = 0 X =
e Start —— Gap updates —— Checkpoint update Without the quadratic term

Figure 4: Schematic scaled gradients of ®; (top) and GD trajectories (X;,Y;) with the quadratic term (bot-
tom). Gray dashed arrows show the checkpoint updates from the same starting points without this term.
Blue arrows show the contraction toward the origin.

With these preparations in hand, we now give the constructions and transfer guarantees for the three
types of local hard functions introduced in Section 2.2. For each ®;, we bound the transfer ratio D;;/D;

14



from below to limit the loss of excess. A larger final excess Dy gives a stronger lower bound. We also
bound the relative threshold ¢; | /D; from above to limit contraction loss in the next gap.

3.1 Bending

For our basic local hard function, we adapt the bending construction from our previous work [ ] to
account for quadratic contraction. Specifically, we choose a parameter 0 < 8 < 1/4. Along the constructed
gap trajectory, the scaled gradient turns toward the negative Y-direction along a circular arc centered at
(B,B). The construction yields constants ag > 8 and 1 < c¢g < 2, depending only on 3, with

cg=1+0(B),  logag=0(1/B), (11)
uniformly when 0 < 8 < 1/4. Their explicit choices are given in (31) and (34) in Section A.1.

Lemma 3.1 (Bending). Let k > 4,0 < <1/4, s;/x < 1/16, and 1; > 0. There exist a nonnegative convex
1-smooth local hard function ®; and a threshold ¢; | > 0, independent of the checkpoint stepsize b;, such
that dy®; < 0 everywhere and

Q;(X,Y)=0 (X<4,Y2>0), hd(X,Y)=0 (XERY >/li).
For every b; > 8, the iterations (9) with f; = 0 satisfy (8), and

D, i~ i i+2
+1 2 b 8 ni(l—s,-/K), E-‘rl §4s + ) (12)
D; ~ cg(ag+si+8) D bi—8

For these explicit choices, taking 8 smaller brings cg closer to one but increases ag. The construction
and proof are given in Section A.1. As in our smooth convex construction [ ], the bending component
d; satisfies dyP;(X,Y) = 0 for every X whenever Y > ¢; ;. Fori <k, Y = x*1) ig the input coordinate of
the next component ®; ;. Thus, ®; does not affect the update of this coordinate in this region.

3.2 Repairing

As discussed in Section 2.2, we select checkpoint sets by maximizing a product based on the bending
transfer bound. This selection can leave many consecutive steps unselected, so the sum of gap stepsizes
s; can become large. If s; becomes large relative to k, quadratic contraction can substantially reduce the
incoming excess D;. We therefore split such gaps with suitably chosen additional checkpoints and use
Huber repair components to bound the relative threshold ¢;;1/D;; after the last added checkpoint 7;. The

construction uses the following one-sided Huber function of [ ]:
0, t <0,

Hs(r) =4 12/2, 0<1<8,
5t—68%/2, t>4.

We choose the Huber scale and local hard function as follows:

Dn;
+H(k=1)(1—x)
Setl;iy 1 = (K'— 1)(1 —)(i)éH/Z.

b= Bi(X,Y) = %Hzgﬂ(X—Y—&). (13)
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Lemma 3.2 (Repairing). Let k > 1 and 1n; > 0. The function ®; defined in (13) is nonnegative, convex, and
1-smooth, with dy®; < 0 everywhere and ®;(X,Y) = 0 whenever X < {;, Y > 0.
For every b; > 0 and every sequence f; > 0, the iterations (9) satisfy (8), and
Diyy (1 —1/K)bixin bivi _ k(1—x)

= = . 14
D 22+(k-D)(-2)] D b (14

For this Huber repair component, ¢;; is the value of Y just before the checkpoint update, while D, is
the net increase in Y produced by that update. If s5; < Kk, the second identity in (14) gives

Si o liv < si/bi

— . 15
bi ~ Diy1 T 1—si/Kx (15)

When s; is small relative to x, (15) shows that a checkpoint with b; comparable to s; gives a bounded
relative threshold ¢;1;/D;y1. The proof of the local guarantees is given in Section A.2. One issue of the
Huber repair component is that dy®;(X,Y) = 0 only when ¥ > X — /;. Thus, even after the input coordinate
xU*1) of the next component ®;, | crosses ;. , ®; may still affect its update. The construction in the next
section resolves this.

3.3 Bridging

After a Huber repair, the preceding component &®; | may still contribute £, f; > 0 to the update of X = x(0),
whereas Lemma 3.1 requires f; = 0. We therefore insert a bridging component ®; between the repair
component ®;_; and the next bending component ®, ;. We construct ®; so that its transfer guarantees hold
for every sequence f; > 0 and dy®P;(X,Y) = O for every X whenever ¥ > ¢;,. The latter property ensures
that ®; does not affect the update of x() during the next bending gap or its checkpoint update.

Using dy from (13), we define the bridging component by

Dn;
2 )

Kn = conv{0, (dy,—0n), (0n,0)},

biy1 =

and .
®;(X,Y) = max {(g, (X =i —Liy1,Y —Lli1)) — 2||g|2}.

8<eka
By the projection identity in Fact A.1, the horizontal edge of K ensures that dy®;(X,Y) = 0 whenever
Y >/l

Lemma 3.3 (Bridging). Ler k >4, 5;/k < 1/16, and ; > 0. The function ®; defined above is nonnegative,
convex, and 1-smooth, with dy®; < 0 everywhere and ®;(X,Y) = 0 whenever X < {;, Y > 0. Moreover,
8y<I>,-(X,Y) = OfOF allX eR, Y > gi_;,_].
For every b; > 4 and every sequence f; > 0, the iterations (9) satisfy (8), and
D S 1 bi—4 lity si+2

-n; <2 .
D, ~aM5¥2  Diy o hi-4

With the same ¢;,D;, stepsizes, and sequence f; > 0, the bridge and the Huber repair component of
Section 3.2 follow the same trajectory through the checkpoint update. The proof is provided in Section A.3.
Figure 4 provides an illustration of the trajectories of these local constructions.
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4 Selecting Checkpoints for Every Schedule

In this section, we describe our checkpoint selection rule. As explained in Section 2.2, selecting checkpoints
solely by maximizing the bending score, as in the smooth convex setting, can leave gaps in which quadratic
contraction exhausts the excess D;. We therefore divide the schedule into blocks of m consecutive steps
and maximize this score within each block sequentially. If the sum of unselected stepsizes since the latest
checkpoint becomes too large, we add repair checkpoints.

The rest of this section is organized as follows. Section 4.1 defines the score within each block, states
the rule for choosing checkpoints by maximizing this score, and gives estimates for the selected checkpoints
and gaps. Section 4.2 states the rule for adding repair checkpoints and gives its guarantees.

4.1 Choosing Checkpoints within a Block

Fix a positive integer m. Divide the schedule H = (hy,...,h,) into consecutive blocks of m steps, with
possibly fewer steps in the last block.'> We examine the blocks sequentially. At the start of a block, the
incoming tail consists of the preceding steps after the latest chosen checkpoint, or all preceding steps if none
has been chosen. Write w > 0 for the sum of stepsizes in the incoming tail; w = 0 at the start of the first
block. For a single block of 1 < r < m steps, relabel its nonnegative stepsizes as H = (hy,...,h,).

Fix a > 8 and 1 < ¢ < 2. Define

p=p(c):=log,(1++v1+c). (16)

An admissible checkpoint set T = {t; < --- <t} C {l,...,r} selects only steps with b; := h, > 8. For a
nonempty checkpoint set, put

n—1 ti—1

,
S1 IZW—i—Zhj, §; = Z hj (2§i§k), Stail ‘= Z hj. 17)
j=1 j=ti_1+1 J=tt+1

In the hard function construction, we take a = ag and ¢ = cg. The lower bound on D;y1/D; in Lemma 3.1
is (bi —8)/(c(a+si+8)) times the contraction factor m;(1 —s;/Kk). As explained in Section 2.2, we omit
the contraction factor when choosing checkpoints and account for it in Section 5.1. Following our smooth
convex analysis [ , Section 3.2], we define the score as the product of the remaining factors:

ko b, —8

P,(T:H):=]]

_2iT®  p(@:H) = 1. 18
ricla+si+38) ( ) (18)

For fixed H and w, we maximize this score over the admissible checkpoint sets 7". If a nonempty set attains
the maximum, we choose one. Otherwise we choose 7' = &, selecting no checkpoint in this block. There
are finitely many sets, so a maximizer exists and its score is at least one.

The next lemma provides properties of a maximizing set that we use to bound the product of transfer
ratios in Lemma 5.1.

Lemma 4.1 (Bounds for a maximizing checkpoint set). In the setting above, there is an absolute constant
Cy, with the following properties. Parts (ii)—(iv) hold for every nonempty maximizing set T = {t; < --- <t }.

(i) If the empty set maximizes (18), then w+Y"_ hj < Cp(w +am”).

(ii) ch:] (a+s;+8) < Cp(w+am?) and spi < Cpam?.

12B]Jocks are fixed before checkpoint selection. A gap is determined by successive checkpoints and may cross block boundaries.

17



(iii) Forevery 1 <i <k,
1 2 2

< + .
bi—8 “a+s;+8 a+siy1+8

(iv) The last checkpoint satisfies by — 8 > c(a+ s + 8).

The proofs of parts (i)—(ii) adapt the recursive analysis in [ , Section 3.2]. The full proof is
provided in Appendix B.

4.2 Repairing Accumulated Unselected Steps

If the chosen checkpoint set in a block is empty, its steps extend the unselected tail.'> Over consecutive
blocks, the sum of these stepsizes can grow large enough for quadratic contraction to exhaust the excess D;.
We therefore fix a repair limit Sg, a small constant multiple of k. 14" At the end of such a block, if the tail
stepsizes sum to at least Sy, we add repair checkpoints in this tail and use the Huber repair components of
Lemma 3.2 there. By (15), a bounded ratio s;/b; gives a bounded relative threshold ¢;1/D;;; when s; is
small relative to k. This requires b; to be at least a constant fraction of s;. However, satisfying this condition
alone does not restrict the sum of stepsizes remaining after the checkpoint in the current tail. We therefore
design the following repair checkpoint selection rule.

Repair checkpoint selection rule. For a repair, let A,...,h, > 0 denote the stepsizes in the unselected
tail through the end of the current block, listed in their original order. Suppose S :=h; +---+h, > Sy > 0.
We select g € {1,2} checkpoints from the shortest suffix whose stepsizes sum to more than Sy/8, and write
b;:=h; and 1y = 0.

« If this suffix contains a stepsize h, > Sy/ 16, select one such index as the only checkpoint 7.

* Otherwise, select #; < 1, in the suffix with by, by > Sy/(64r%) and s, := Z?:_tllﬂ hy <min{by,b,}. Such a
pair exists by Lemma C.1.

The following lemma gives bounds for repair checkpoints selected by this rule.

Lemma 4.2 (Bounds for repair checkpoints). Fix Cy > 1. There are constants &y € (0,1) and ¢y > 0,
depending only on Cy, with the following property. Let k >4, 1 < Sy < &gk /Cy, and Sy < S < CpSo. For
any checkpoints selected by the rule above and every incoming pair {1 > 0, Dy > 0 with {1 /D < 32Cy, the
Huber repair components of Lemma 3.2 can be constructed successively at these checkpoints. They satisfy
n; > 0 and Di1 > 0 for every 1 <i < g, with the following bounds.

(i) Transfer ratio lower bound.
D q+1
1

>co(r+1)7%
(ii) Relative threshold upper bound. (,, /D, < 32Cp.
r
(iii) Remaining tail bound. Z hy < So/4.
1=ty+1

The proof is given in Appendix C.

13The unselected tail consists of the examined steps after the latest chosen checkpoint, or all examined steps if none has been
chosen. At the start of a block, it is the incoming tail defined in Section 4.1.
14The value of Sp is chosen in Proposition 5.3, where we construct the global hard function.
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5 Assembling the Hard Function and Proving Theorem 1.1

In this section, we assemble the local hard functions into the global objective (6) and prove Theorem 1.1.

5.1 Constructing Components at a Maximizing Checkpoint Set

The score P,,(T; H) used for checkpoint selection in Section 4.1 omits quadratic contraction. The following
Lemma 5.1 shows that we can construct components whose combined transfer ratio is at least one eighth of
this score, even with quadratic contraction.

We first specify the notation for this construction. Fix k >4 and 0 < < 1/4, and set a = ag, ¢ = cg,
and p = p(c). Consider a block H = (hy,...,h,) with an incoming tail whose stepsizes sum to w. Let
T = {t; < --- <t;} be a nonempty admissible maximizer of P, (T;H).'> Write b; = h, and take the sums of
gap stepsizes s; from (17). The first gap includes the incoming tail. Starting from the given threshold and
excess (¢1,Dy), we construct the components in checkpoint order.

Notice that the first component may follow a Huber repair, so its input update in (9) may include a
nonzero term A f;, where f; > 0. As discussed in Section 3.3, we therefore use a bridge for i = 1, followed
by bending components for 2 < i < k, which require f; = 0.

Lemma 5.1. For the block and checkpoint set above, fix R > 0, {1 > 0, and Dy > 0 with {1 /D < R. Suppose

that

Czk‘, I p— (19)
K&~ ! ~128(R+1)°

Then the bridge construction in Lemma 3.3 can be applied at ty, followed by the bending construction in
Lemma 3.1 at each t;, 2 < i < k. Their local trajectories satisfy (8), and the resulting pairs satisfy

D 1 /
Dy 8 Dy

Proof. Since s; < c(a+s;+8), (19) gives s;/k < 1/128 < 1/16 for every 1 <i < k. Whenever 1, > 0,
Lemma 3.3 for i = 1 and Lemma 3.1 for i > 2 construct the ith component and give

D2 1 b—8

2,1 bt .
Iclatn+8) uh (bridge at 1), (20)
D1+1 bi -8 .
S (1—s, <i<
D~ c(az+s,~+8)"’(1 si/¥) @2si<h), @h
by _ 4(sit2) (1<i<k). 22)

Diyy = bi—38
We verify 1; > 0 in checkpoint order using (10). For the first gap,

4 (R+1) (a—i—s1—|—8) 1
Dy K - 128

1
1-mm<—11
m_K< +—

so 11 > 0 and the bridge can be constructed. Now fix 2 < i < k and suppose that ®,...,P;_; have been
constructed. Then (22) at i — 1 gives ¢;/D; < 4(s;—1 +2)/(bi—1 —8). Using Lemma 4.1 (iii) and ¢ < 2, we

15 Admissibility means hy; > 8 at every selected checkpoint, as defined in Section 4.1.
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obtain

1-n < — <1+€>

cla+si+8) 4c*(a+si—1+8)(a+si+8)
- K K(bi—1 —8)

17
[17(a+sz+8)+16(a+sl 1+8)} S m 1

Thus n; > 0, so the next bending component can be constructed.
Summing the preceding bounds on 1 — n; before applying (19), and using s; < c¢(a+s; +8), gives

>~

Y (1—m) +Z LUCZ( +5i+8) < £<l

= K = — 128

All factors 1; and 1 —s;/x lie in (0,1]. Using [T;(1 —u;) > 1 —Y ;u; for 0 < u; < 1, and multiplying
(20)—(21), we obtain
k
1

Dk+l £ i
D > P,(T;H) gn,g 1—s;/K) > gPW(T,H).

Finally, Lemma 4.1 (iv) and (22) at i = k give

bt _A(sit2) 4l +2)
Dii1 — br—8 T clatsi+8)

5.2 Constructing the Global Hard Function

We now construct the global hard function. Recall that Lemma 5.1 bounds the combined transfer ratio of
the bridge and bending components at each nonempty maximizing checkpoint set, while Lemma 4.2 gives
the corresponding bound for each repair. To combine these bounds, we first describe which stepsize indices
each repair considers.

Fix integers n,m > 1, a nonnegative schedule (hy,...,h,), and Sy > 0. Partition the schedule into B :=
[n/m] consecutive blocks of at most m steps. Consider a checkpoint-selection procedure that examines the
blocks in order and performs at most one repair after each block. Number the repairs in the order made,
j=1,...,J, where J < B.

Repair j considers the stepsize indices uj, ..., v;, where u; is one plus the latest checkpoint index before
this repair (u; = 1 if none exists), and v; is the end of the current block. Let p; € {uj,...,v;} be the last
checkpoint selected by this repair, and let n; := v; —u;+ 1. Checkpoints are selected in increasing order,
souji1 > pj+1for1 < j<J. These indices are illustrated in Figure 5. Suppose that, for each repair, the
stepsizes under consideration sum to at least Sp, and those after its last checkpoint sum to at most So/4:

Vj Vj
Y > So, Y <S4 (1<j<U). (23)
t=u; t=pj+1

We then bound how often each stepsize index is considered across repairs.

Lemma 5.2 (Counting stepsize indices considered by repairs). Under the conditions in (23), each stepsize
index belongs to at most two of the sets {uj,...,v;}. Consequently,

J J
an§2n, Zlog(nj%—l) < Blog(2m+1).
p= =
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Proof. We first show p; 1 >v;for 1 < j<J. Otherwise, uj;1 > pj+ 1 and (23) give

Vit+1 Vjtl
S() < Z h[ < Z ht —|— Z ht >~ E
t=uj| t=pj+1 t=pjr1+1

a contradiction. Hence uj 2 > pj1+1>v; for 1 < j <J—2, so repairs whose numbers differ by at least
two share no stepsize indices. This proves ):le n; <2n.
Pad np,...,n; with zeros to obtain B entries. Concavity of the logarithm and n < Bm give

J
Zlog nj+1) < Blog <1+Z]B] J) < Blog(2m+1).
j=1

O]

Combining Lemma 5.1 with the repair bounds in Lemmas 4.2 and 5.2, we construct the global hard
function and obtain the following lower bound on squared distance to the minimizer.

Proposition 5.3 (Global lower bound for fixed ). There exist absolute constants c,,C,&E > 0 with the
following property. For every 0 < B < 1/4 and k > 4, set

So:=E&x, m:= Lc*(K/aﬁ)l/p("ﬁ)J . (24)
If So > 1 and m > 1, then every horizon n > 1 and every nonnegative schedule H satisfy
Dy (H) > exp [—c(l +%) log(m + 1)]. (25)
Proof. Step 1. Choosing the parameters. Take the constant Cj, in Lemma 4.1 to be at least 1, and set
Cy:=Cp+2, R :=32C.

Let & and ¢ be the constants of Lemma 4.2 for this Cy, and choose

_ o 1 ¢
&= mm{co 128C0(R+1)} “Tac,

Since ¢, < 1 and p > 1, the definition of m gives am? < c’x < ¢, x, and hence

Cpam? < S /4. (26)
preceding block e preceding block current block
u; pj Vj
¢ ! ’ !
M]' —1
. o unselected tail
previous checkpoint D+l v

L |

repair j: nj =v; —u;+ 1 stepsize indices

Figure 5: Repair j considers the n; = v; —u; + 1 stepsize indices uj,...,v;, from just after the previous
checkpoint u; — 1 to the end of the current block. The last selected repair checkpoint p; is highlighted, and
the steps after it remain unselected. Although shown in the current block, p; may lie in an earlier block.
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Step 2. Selecting checkpoints and constructing components. Partition the schedule into B := [n/m]|
fixed blocks, each containing at most m steps. We examine the blocks in order and construct the components
in checkpoint order. Before each block, let w be the sum of the stepsizes in its incoming tail, and let £ > 0 and
D > 0 be the threshold and the excess above it immediately after the most recent checkpoint. We maintain

W< So, ggR. @7

Initially, w = ¢ = 0 and D = 1. For the next block, maximize (18) over its checkpoint sets with this w,
choosing a nonempty maximizing set whenever one exists.
Case 1: The maximizing checkpoint set is nonempty. By Lemma 4.1 (ii), (26), and (27),

Y (a+si+8) < Cy(w+am?) < (Cp+1)Sy < CoSo = Coé k.
i

The choice of & ensures (19). Applied with (¢1,D1) = (¢,D), Lemma 5.1 gives a bridge at the first selected
checkpoint and bending components at the others. Their transfer ratios have product at least 1/8, since the
maximizing score is at least the empty score 1. At the last selected checkpoint, the new relative threshold
¢/D is at most 4. By Lemma 4.1 (ii) and (26), the remaining tail stepsizes sum to w < Sp/4. Thus (27) is
maintained.

Case 2: The maximizing checkpoint set is empty. All steps in this block remain unselected, so they extend
the tail after the latest checkpoint. Part (i) of Lemma 4.1 implies that the sum of stepsizes in this enlarged
tail is at most Cp(w +am?) < CpSp. If this sum is less than Sy, retain this tail and leave (¢,D) unchanged.
Otherwise perform repair j, using the indices u;,v; and length n; defined above. Then Sy < Z,VLMJ. hy < CoSo,
and 1 < Sy < &)k /Cp by the choice of &.

Select checkpoints from (y;, ..., hy;) by the repair rule in Section 4.2. Apply Lemma 4.2 with r = n;
and (¢1,D) = (¢,D), where /D < R by (27). Shift the selected checkpoint indices by u; — 1 to obtain
indices in the full schedule, and let p; be the last of them. Use the Huber repair components of Lemma 3.2
at these checkpoints. By Lemma 4.2 (i)—(iii), their transfer ratios have product at least ¢ (n; + 1)*4, the new
relative threshold is at most R, and the new tail hpj+ Ty.o- ,hvj sums to at most So/4. Thus (27) is maintained,
and repair j satisfies (23).

By (14) and (38), the Huber repair and bridge outputs D;; | do not depend on the nonnegative contribu-
tions f;. Thus all incoming pairs and components can be determined in checkpoint order from the schedule
before GD is run.

Step 3. Verifying the GD trajectory. Write all selected checkpoint indices in the full schedule as
f < - <t and set to = 0. Define F on R¥! by (6), with xg = e;. Each ®; is nonnegative, convex,
1-smooth, and zero at (0,0). Since each coordinate appears in at most two of the ®;, F is 1-smooth and
1 /Kk-strongly convex, with minimizer x, = 0.

We now verify the trajectory by induction over the checkpoints. The induction hypothesis is

=D, ) =0 (1< j<k+1),
which holds for i = 1. Within gap i, we prove the bounds in (8) by induction over the updates: at every
iterate x, with ;_; <t <t

Wzl 0T <l =0 (i+2<j<k+1).

The checkpoint hypothesis gives these bounds at t =¢#;_;. Assuming they hold at x;, all components after ®;
have value zero and hence zero gradient. If ®; is a bending component, then ®,_; is a bridge or a bending
component, since #;_; lies in the same maximizing set. Since x,(l) > ¢, 8x(i>d)i_1(x,(l_l),xt(')) =0, so the
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update follows (9) with f; = 0. If ®; is a Huber repair component or a bridge, then oy ®P;_1 <0 gives f >0
wheni> 1, and f; =0 wheni= 1. Lemmas 3.2 and 3.3 allow every such sequence. Components with index
less than i — 1 involve neither x\¥) nor x"1). The local lemmas therefore maintain the displayed bounds until
just before the checkpoint update and give xt(fH) = {;11 + D;, with all later coordinates still zero. This
proves the next induction hypothesis.

Step 4. Bounding the final coordinate. The procedure makes at most one repair per block, and
Step 2 verified (23) for each repair. Each repair j has a product of transfer ratios at least co(n; + 1=,

By Lemma 5.2 and J < B, their combined factor is at least

coln;+1)™* > exp[~CBlog(m+ 1),

—

Jj=1

where C depends only on ¢y. Each block with a nonempty maximizing checkpoint set contributes a factor at
least 1/8 by Lemma 5.1. There are at most B such blocks, so, after increasing C, the excess Dy after the
last checkpoint is at least exp[—CBlog(m + 1)].

If K > 1, then KD = li+1 + Diy1 > Dy Since 0wy Py < 0, every remaining update f; <t <n

I
satisfies xt(kH) >(1—=h/ K)xt(ljl). By (27), these remaining stepsizes sum to less than Sy = K, so

W > (1= 8)Dyey = (1- €)exp[~CBlog(m+1)].
Since [|xg — x4]|*> = 1 and ||x, — x.||> > (x,(,kﬂ))z, increasing C and using B < 1 +n/m proves (25). If k = 0,
the entire schedule satisfies Y7, i, < Sy, and the pure quadratic F(x) = x*/(2k) gives the same conclusion.
0

The factor exp[—Clog(m+ 1)] in (25) is independent of the horizon n. The next lemma shows that we
can remove this factor using a repetition argument. We also include the corresponding lower bound for
function suboptimality.

Lemma 5.4. Under the hypotheses of Proposition 5.3, let m and C be as there. For every integer n > 1 and
every schedule H € [0, )",

min{ Dy x(H), Enx(H)} > exp [C’:log(er 1)] . 28)

Proof. Fix nand H. For each integer K > 1, let HK! denote K consecutive copies of H, a schedule of length
Kn. By (1), the squared distance to the minimizer after each copy is at most D), ,(H) times its value before
that copy. The same holds for function suboptimality with E, (H). Applying these bounds on the same
objective gives

Dinic(HX) < Dy (H)X,  Egunuc(H™) < E, (H)X.

Strong convexity and smoothness also give D, i (H K]y < KEgn«(H (K]). Combining these inequalities with
Proposition 5.3 at horizon Kn yields

exp {—C (1 + K”) log(m + 1)} < Din e (H™)
m
< min{ Dy (H)X, KE, «(H)¥}.

Taking Kth roots and letting K — oo proves (28), since Kl/K 1. O
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Choosing the Bending Parameter. Note that the block length m defined in (24) depends on 3, and in-
creasing m strengthens the bound in (28). We therefore choose 3 as a function of k to optimize this bound.
The explicit constants in Lemma 3.1 satisfy

1
plcp)

The first two estimates are given in (11), and the last follows by differentiating (16) near ¢ = 1. For suffi-
ciently large x, choose

C5=1+0(ﬁ), logaﬁ:O(l/B),

=1/psii —O(B).

B :=(logx)~ > <1/4.

Since logag = O(v/log k) = o(log k), we have k/ag — c. Thus Sp > 1 and m > 1 for sufficiently large «,
as required by Proposition 5.3. The definition of m and the estimates above give

1
logm > (logx —logag) —O(1)
p(cp) P
1 1
> 285 _c(Blogr+1/B) = —25 _¢'\/logk. (29)
Psil Psil

The loss O(B log k) comes from the exponent 1/p(cg), while O(1/) comes from logag. Our choice of 8
balances these two losses.

Proof of Theorem 1.1 and Corollary 1.2. For the chosen B, Lemma 5.4 gives (28). Since m < Kk by its
definition in Proposition 5.3, we have log(m + 1) < Clogk. Combining this estimate with (28) and (29)
yields (2). To prove Corollary 1.2, suppose that a schedule H achieves D, «(H) < € or E, «(H) < €. The
lower bound in (2) must then also be at most €. Taking logarithms and rearranging gives

KL/ psi | 1
> og-.
"= Ce©2Vlogk]og k %8

This necessary condition holds for every schedule H and for either error criterion, proving (3). O

6 Concluding Remarks

In this paper, we proved an almost tight iteration lower bound for GD with arbitrary nonnegative predeter-
mined stepsizes on smooth strongly convex objectives, matching the silver upper bound up to a subpolyno-
mial factor in k. Three open questions remain:

1. Can we reduce the subpolynomial factor ¢CVloegx log x, which separates our lower bound in (3) from
the silver upper bound? This factor seems unavoidable in our current proof. Reducing or removing
this subpolynomial factor may require more refined local hard functions, or even a new framework for
constructing hard instances.

2. Can we extend our lower bound to predetermined schedules that may contain negative stepsizes? Our
previous work [ ] gives an Q(n~16%*2) lower bound for GD with possibly negative predeter-
mined stepsizes on smooth convex objectives, leaving a polynomial gap to the silver upper bound. We
believe that a more refined construction and analysis can yield lower bounds matching the silver upper
bounds up to subpolynomial factors in both the smooth convex and smooth strongly convex settings,
even when negative stepsizes are allowed.
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3. Can we connect the smooth convex and strongly convex lower bounds? Nesterov’s analysis of accel-
erated first-order methods gives a single upper bound covering both settings [ , Theorem 2.2.2].
For GD, the smooth convex silver schedule arises as i — 0 after omitting the terminal step of the
strongly convex schedule. Conversely, repeating suitable smooth convex silver blocks recovers the

strongly convex iteration bound up to constant factors [ , Remark 1 and Corollary 2]. It would
be interesting to develop a unified lower bound construction that captures the transition between these
settings.
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A Proofs for the Local Hard Functions

In this section, we prove Lemmas 3.1 to 3.3 by constructing ®; and the next threshold ¢;; from the given
¢;,D; and gap stepsizes. The construction ensures (8), with D; | determined by the checkpoint update. We
bound the transfer ratio D, /D; from below to limit the loss of excess, and the relative threshold ¢;;1/D;
from above to limit contraction loss in the next gap.

All three constructions use the following property of Moreau envelopes of support functions.

Fact A.1 (Moreau envelopes of support functions). Let K C R? be compact and convex, with 0 € K. Write
o (u) = maxgek (g, u) for its support function. Its Moreau envelope with parameter 1 satisfies

(e = min { ox(0) 3 x5

1 2
= max X)) — = .
max {<g )= lsll }
This envelope is nonnegative, convex, and 1-smooth, and

V(env; ok)(x) = k().
Here Ik denotes Euclidean projection onto K. For g € K, the equality g = Ik (x) holds if and only if

(x—g,w—g) <0  foreveryweK. (30)
The envelope identities follow from [ , Propositions 5.b, 7.b, and 7.d]. For background, see [ ,
Sections 1.G and 2.D] and [ , Sections 3.1 and 6.4.2].

A.1 Proof of Lemma 3.1

Constructing the gap trajectory. Fix x >4, 0 < 3 < 1/4, {; > 0, and the nonnegative gap stepsizes
with s;/k < 1/16. As in our smooth convex construction [ , Section 3.1], we first construct a two-
dimensional gap trajectory. After scaling and translation, this will give the GD trajectory generated by the
bending component ®; during gap i. We obtain the gradients by scaling vectors on a circular arc with center
C := (B, B) and radius R, where

R=1+p, cg =B+ 1+2B. (31)

Let K be the convex hull of the origin and the shorter arc of this circle joining (cg,0) to (B, —1).

The quadratic term in (6) also contracts the iterates toward the origin. Its effect in the new coordinates
depends on the scaling and translation, so we specify these first. For a scale p > 0 and a parameter 7 > 1,
both chosen later, define

Cbi(X,Y) = (envl GpK)((X,Y) —20)7 7° = (£i+€i+l/ﬁ’/€i+l)7 €i+l =pT.

By Fact A.1, V®;(z° + pr) = pIlg(r) for every r € R%. We therefore write the gap trajectory as z° + pr j
and use gradients pv;, where v; = Ilg(r;). Dividing (9) with f; = 0 by p gives

0 h; o\ (1-1/K)h;
r,-+;—<1—KJ> (rj_1+;)—( 2/ )ij_l (1< j < mgap), 32)

where z°/p = (¢;/p + t/B, 7). The quadratic part contracts toward —z°/p, the point corresponding to the
original origin (X,Y) = (0,0).

Lemma A.2 constructs points r; backward from r,,,,, = (B,—1) so that (32) holds with v; = g (r;).
Since the center of contraction depends on 7, the lemma also chooses 7 so that the trajectory in (X,Y) starts
atYy =0.
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Lemma A.2 (Gap trajectory). For every p > 0, there exist T > 1, points ry, . . ., Fmgaps and vectors vy, .. ., Vingap
on the arc satisfying (32), such that ry,,, = Vp,,, = (B,—1), ro has second coordinate —t, and

vi=g(rj),  rj€[B,o)x[-1,—1] (0<j<mgyp).

Let P be the first coordinate of the weighted sum

1—1/k'& | e h
2/ lhjln<1—x’>]vjl. (33)

j 1=j+1
Then
1-1 1-1 2R —
P< 2/KCﬁS,', T<1+ Z/Ksi, T < Bexp \[ﬁﬁ]

Moreover, T and P can be chosen as continuous functions of p.

The term pP is the contribution of the gradient steps to the decrease in X over the gap, after accounting
for later contractions. Every arc vector has first coordinate at most cg, giving the bound on P. This accounts
for the coefficient cp in (12). The bound on 7 in terms of s; controls ¢;11 = pT, and hence the relative
threshold. The last bound gives the exponential term in the constant

V2R-B
5|

It satisfies ag > 8 and logag = O(1/f). The lemma is proved in Section A.4, and Fig. 6 illustrates one
backward step.

ag :=8+4p +4exp[ (34)

Choosing the scale and verifying the local hard function. We now choose p in the function ®; defined
above so that z° + pro = (¢; + D;,0). We then verify the zero conditions and compute the excess after the
checkpoint update.

Proof of Lemma 3.1. For each p > 0, choose the quantities in Lemma A.2 with T and P continuous in p,
and write (X;,Y;) := z° + pr; with {;;; = p7. Since ry has second coordinate —7, we have ¥y = 0. The
bounds on P, T and (34) give

T ag
P+—-<—
B+P+ B4 +
Step 1. Choosing the scale p. We first choose p so that the scaled trajectory starts at (¢; + D;,0).
Multiplying (32) by p gives

CBSi- 35)

hj 1-1/K)h; .
(Xjan) = (1 _K{) (Xjflayjfl) - (2/)JPVJ'1 (1 <Jj< mgap)-

Expanding the first coordinate and using (33), we obtain X,,,,,, = xiXo — pP. Since X,,,,, = {i +p(B+1/B)
and x;(¢; + D;) — ¢; = D;m;, the condition Xy = ¢; + D; is equivalent to

z
B

Here P, 7 depend on p. By Lemma A.2, the coefficient § + P+ t/ is continuous in p; it is bounded above
by (35) and below by 8 + 1/B > 0. Thus the left side tends to zero as p | 0 and to infinity as p — . Since
D;n; > 0, choose a solution and use this p in the function ®; defined above. By Fact A.1 and Lemma A.2,

V&i(X;.Y)) =pk(prj) = plk(rj) = pv;.

p [/3 o } — D, (36)
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The displayed recurrence therefore coincides with (9) with f; = 0. Starting from the matched initial point,
GD visits (X;,Y;) by induction on j. Since r; € [,o0) x [—7,—1], we have X; > {;+p(B +1/B) > {; and
0<Y; <p(r—1) < throughout the gap. Moreover, (35) and (36) imply

p 2n;i

EZaB/Z—l—(l—l/K)ch,-' 7

The function and threshold do not depend on b;.

Step 2. Verifying ®; =0and dy®; =0. Onthearc,p> B and0<¢g<1,s0p,qg>0andg< p/B through-
out K by convexity. Moreover, p < cg throughout K, so (p,0) € [0,cg] x {0} C K whenever (p,—¢q) € K.
Apply Lemma A.3, proved in Section A.5, to pK with 6 = f and translation z°. It follows that ®; is
nonnegative, convex, and 1-smooth, with dy®; < 0 everywhere and

Q;(X,Y)=0 (X<¢,Y2>0), HPi(X,Y)=0 (XeRY >/lip).
Step 3. The checkpoint update. Just before the checkpoint update, 7, = Vi, = (B, —1) gives Yy, =
p(t—1) and dy®; = —p. For any b; > 8, the step of size b; yields

1—1/1( bi
i——(t—1)—1].
5 bi—(t=1)

Diyy =Ypg+1 —liv1 =p

Using the bound on 7 in Lemma A.2 and 4(1 — 1/x)(1 —s;/x) > 1, we obtain

1-1/x

Dii 1 > p(l—si/K)(bi—8)>0.

This proves (8). Dividing by D;, using (37) and (1 —1/K)cg > 3/4, gives the first bound in (12):

D,'+1 > (1—1/1()(1—.91'/1()([7,'—8)7], > bi—S

D, — ag/2+(1—1/K)cgs; Cﬁ(aﬁ+st+8) ni(l —s;/x).

For the second bound, ¢;;; = p7, the bound on 7, and (1 — 1/Kk)(1 —s;/K) > 45/64 give

livt 2+s; si+2
< <4 .
D — (I—I/K)(l—si/K‘)(bi—S) - bi—8

Finally, (31) and (34) give the parameter estimates in (11). ]

A.2 Proof of Lemma 3.2

Proof. Step 1. Choosing the Huber scale. For a positive trial scale 8y, define points (X;,Y;) from
(X0,Yo) = (¢i + D;,0) by (9), using the constant vector (8y, —0y) in place of Vd;. For every sequence
fj = 0, solving this linear recurrence gives, for 0 < j < mgyp,

Yj:K [ ﬁl—hl/l(]

=1
Xj—Yj l; > [8 +D+ ﬁl—hZ/K é,’—(K‘—l)6H
=1
> Dini — (k—1)(1— x:)6u
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The first inequality uses f; > 0 and 0 < h; < k, and the second uses H{:] (1 —h;/x) > xi. The Huber
gradient equals (Oy, —Oy) when X —Y — ¢; > 28y. To keep every gap point in this region, choose the scale
so that the last lower bound equals 26y:

Din;
on = :

2+ (k—=1)(1-2)

This is the choice in (13), and it gives X; —Y; — {; > 28y throughout the gap. Since Y, is nondecreasing in j,
set

> 0.

K—1

i = Yoy, = “5= (1= )80

The resulting function ®; and threshold #;; depend only on the incoming data and gap stepsizes, so neither
changes with the sequence f; or the checkpoint stepsize b;. The margin bound and monotonicity of ¥; give
Xj ZE, andOﬁYj §£i+l f0r0§j§mgap.

Step 2. Verifying the local hard function. For K = conv{0, (8g, — )}, the Huber repair function in (13)
has the Moreau representation

D;(X,Y) = (envi 0k )(X — 4;,Y) = 1 Hys, (X =Y — £)).
By Lemma A.3 with 6 = 1 and translation (¢;,0), this function is nonnegative, convex, and 1-smooth, with
dy®P; < 0 everywhere and ®;(X,Y) =0 when X < /;, Y > 0. At each constructed point, the condition
X; —Y; — ¢; > 26y makes the projection onto K equal to (x4, — & ). Indeed, the left side of (30) at the other
endpoint 0 is
—Ou(X;—Y;—4;—204) <0.

Thus V®;(X;,Y;) = (0n, —0n) for 0 < j < mgyp. Induction in (9) confirms that the constructed points are
the GD iterates for every nonnegative sequence f;.

Step 3. The checkpoint update. For any b; > 0 and fi,,,+1 > 0, this update uses Y,,,, = £;+1 and oyd; =
— 0y, giving

Diy1 :bi< 1/K6}{_ l+l> _21/’(5%5}1 > 0.

Here x; > 0 because every gap stepsize is strictly less than k. This proves (8); substituting the chosen 9y
and ¢; | gives the exact ratios in (14). Finally, telescoping gives

Mgap Mgap
1—}([ Zh] H 1—h1/K' %iS,'éK(l—xi)Ssi.
j=1 I=j+1
Together with ; > 1 — 5;/K, these bounds prove (15) when s; < K. ]

A.3 Proof of Lemma 3.3

Proof. Step 1. Raising the threshold. Use the Huber repair trajectory from Section A.2, with the same
¢;,D; and gap stepsizes. For every nonnegative sequence f;, it satisfies

Xj_Yj_£i226H7 OSYjSYmgap (Ogjgmgap)~
The repair threshold is ¥, . For the bridge, raise it by g and denote the new threshold by £;,1:

K—1 D;n;
€i+1=Ymgap+5H:[1+2( )}SH— L]

Every gap point is now at least 8y below this threshold, so ¥; — ¢;11 < —0y. Since Y, and oy do not

depend on f; or b;, neither does this threshold.

gap
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Step 2. Verifying the local hard function. The bridge construction in Section 3.3 enlarges the segment
used for Huber repair to the triangle

Kn = conv{0, (8y, —6n), (0u,0)}.
By Fact A.1, the bridging function ®; can be written as
CI)i(X,Y) = (envl GKA)(X —fi —€i+1,Y —€i+1).

Every (p,—q) € K satisfies 0 < g < p, and (p,0) lies on its horizontal edge. Applying Lemma A.3 with
0 =1 and translation (¢; 4 ¢;11,¢;+1) shows that ®; is nonnegative, convex, and 1-smooth, with dy®; <0
everywhere and

q)l(X7Y):O (XSEHYZO)a aY(I)l(va):O (XGR,YZ£,+1)

At each repair iterate, the translated point (X; — ¢; — {;41,Y; — £;1) projects onto (8, — & ). The expression
in (30) is affine in w, so it suffices to check the other vertices 0 and (Jy,0). The corresponding inner products
are

—0u(X; —Y; — ;i —264) <0, Ou(Y; —Liv1+6n) <0.

Both inequalities follow from Step 1, so the criterion holds throughout Kx. Thus the bridge and repair
gradients agree for 0 < j < mg,,. Induction in (9), using the same initial point and sequence f;, shows that
their trajectories agree through the checkpoint update. In particular, X; > ¢; and 0 <Y; < ¢;;; throughout
the gap.

Step 3. The checkpoint update. For every b; > 4 and every nonnegative sequence f;, the bridge has the

same value of Y after this update as the repair, but its threshold is dy larger. Subtracting this amount from

the repair excess gives

(1-1/x)bix;
2

Since s;/k < 1/16 and x > 4, we have (1 —1/x)x; > 45/64 > 1/2, and hence

Di1 =Ygy 1 — i1 = 84 -1 (38)

(1-1/x)bixi—2>(1—1/x)xi(b;j—4) > 0.
Thus D;;; > 0, completing (8). Substituting (13) into (38) and using (k —1)(1 — x;) < s; gives
Divi  mi(1—1/K)xi(bi—4) 1 bi—4
D; ~ 2(si+2) 4 Mg +27
£i+1 < Si+2 < Si+2.
Diyy =~ (1-1/x)xi(bi—4) = bi—4
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A.4 Proof of Lemma A.2
‘We use the notation of Section A.1.

Proof. We construct the points backward for a trial value of 7, then choose 7 so that r( has second coordinate
—1. We verify v; = Ilg(r;) and finally bound 7. Write r; = (u;,—y;) and v; = (p;,—q;), where p; = p(q;)

and
p(g):=B+\/R*—(q+B)* (0<qg<1).

We must show yo = 7, u; > B,and 1 <y i < 7. Let Q be the weighted sum of the g;_; with the weights in
(33), so that the vector in that display is (P,—Q).

To choose the arc vectors, we measure directions from the center C. For a point z = (z1,22) with z; > f3,
let 0(z) := (B —22)/(z1 — B) be the downward slope from C to z, and set ®(z) = +e if z; = 8 > z5. Along
the arc, ®(p(q),—q) = (¢+B)/(p(q) — B) increases from @, := fB/(cg — B) at (cg,0) to +oo at (B,—1).
Thus each slope in [@,, +o0] determines exactly one arc point.

For an empty gap, take ro = vo = (f8,—1), so P = Q =0 and 7 = 1. Each zero stepsize leaves the point
and gradient unchanged. We therefore set r; 1 = rj, v;_1 = v; when h; = 0 and apply the following rule
only when A; > 0.

Fix p > 0 and a trial value T > 1, and start from r,,,,, = Vi, = (B,—1). Given r; with u; > B, rearrange
(32) as rji—1 = 7’\] +avj-1, where

. hj/x <rj+z°>? _ (1=1/x)h;

rj::rﬁl—h‘/ic -
J

P

Here 7; undoes the quadratic contraction in step j. Choose v;_; where the ray from C through 7; + o;C
meets the arc, or choose (cg,0) if this ray passes above the corner. Equivalently,

Y0 n k)

CO(Vj_l) :max{a)c,a)(?j—i—ajc)}. (39)

Then set rj_; :=7j+ a;vj_1. The first coordinate of r; +z°/p is positive, so 7; has first coordinate at
least u; > B, and 7 + o;C has first coordinate greater than . Thus the rule is well defined and depends

continuously on 7;. It also gives u;_; > 3, so it applies at every index j = mgqp, .. ., 1. This is the rule of our
smooth convex construction [ , Appendix A], with center C and with 7; in place of r;.

Figure 6 shows the geometry of (39). When ¢g;_; > 0, the center (B,8), vj—1, and 7; + (B, B) are
collinear, and

ri-1=[rj+o(B,B)] = aj[vj-1 — (B, B)].
Thus the two shaded triangles are similar, and r; 1 lies on the same ray from C. When v; | = (cg,0), the
vector rj_1 — C is the sum of 7; + a;C — C and «;((cg,0) —C). Both have positive first coordinates and

downward slopes at most @,, so their sum does too. Applying this observation at each backward step, with
gy = Vimg,, a8 the base case, proves

o(v;) =max{@;, o(r;)} (0<j<mgyp). (40)

Thus each v; is where the ray from C through r; meets the arc, or the corner if this ray passes above it. To
prove that v; = Ik (r;), we will also need the lower bound on y; established after choosing 7. First, we show
that the gradients turn toward the corner as we work backward:

qj—1 < qj (1 < ] < mgap)- (41)

For ;> 0, the definition of 7; gives

<1—i’<f'> (7 4+ 0,C—C) = (rj—C)+% <c+i> +(1_12/K)hfc
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\\\ Vj' = HK(FJ')
Wil vj-1 =T (rj-1)

7j undoes the quadratic
contraction in step j.

ajqj—1

a;pj—1

Figure 6: A backward step with g;_; > 0. Pale green denotes K. Green dashed arrows show projection onto
K, giving the scaled gradients v; = Ik (r;) and v;_; = Ig(rj—1).

The last two vectors have nonnegative coordinates. Adding such a vector cannot increase max{ ., ®(-)}.
Indeed, if a = (a;,a;) has nonnegative coordinates and w(z+a) > @, then 0 < B —zp —a, < B — 7z and
z1+a;—B >z1—PB,s0 ®(z+a) < o(z). Since rescaling about C leaves the slope unchanged, (39) and (40)
give

o(vj—1) <max{a., o(r;)} = o(v;).

This proves (41); zero steps give equality.

Choosing the threshold. The second coordinate of (32) gives

T—yj= <1 - };}) (T—yj-1)+ %KTICIJ'—L

Expanding over the gap and using y,,,,, = 1 gives T—1 = x;(T—yo) + Q. Thus yo = tifand only if = 1+Q.

As the trial value 7 increases, both coordinates of z°/p = (¢;/p + t/B, T) increase. Backward induction
from the common terminal point shows that each r; is coordinatewise nondecreasing in 7. Indeed, if r; is,
then so is 7;. The slope comparison above shows that ¢;_; is nonincreasing in 7, so v;_1 = (p(q-1),—qj-1)
and rj_; =7j+ a;jvj_; are coordinatewise nondecreasing. Since Q is a nonnegative combination of the
gj—1, it is continuous and nonincreasing in 7, with values in [0, (1 —1/x)s;/2]. On the interval [1,14 (1 —
1/x)si/2], T—1—Q is continuous and strictly increasing, nonpositive at the left endpoint and nonnegative
at the right endpoint. It therefore has exactly one zero; fix this value of 7. The recursion is jointly continuous
in T and p > 0, and all these roots lie in the same compact interval. When p converges to a positive value,
any limit point of 7 solves the limiting equation, whose solution is unique. Thus 7, the points, and P are
continuous in p.
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The second-coordinate recurrence is a convex combination of T—y;_; and (x — 1)g;_; /2. Starting from
T —yo = 0, induction using (41) gives

K—1 K—1

T_yjflgf_YjSTijlf 74

Since ym,,, = 1, this proves 1 <y; <.

The projection identity. Since ||C|| = v/28 < R, the disk centered at C with radius R contains 0 and hence
K. If 0 < g; < 1, then (40) puts r; on the ray from C through v;, and y; > 1 > ¢; puts r; at or beyond v;.
Thus r; —v; is an outward normal to K at v;. If g; = 0, then (40) gives y; < B(u; —cg)/(cg — B), and
yj > 1 forces uj > cg. So r; —(cg,0) is a nonnegative combination of the outward normals (cg — B, —f)
and (0,1). If ¢g; = 1, only zero steps have been undone, so r; = v; = (8, —1). The projection criterion (30)
gives Ilg(r;) = v; in every case.

Bounding 7. Since p; < cg, (33) gives the bound on P. The bound 7 < 1+ (1 —1/k)s;/2 was proved
above, so it remains to bound 7 in terms of 8 alone. Set A; := (y;+B)/(q;+ B). When ¢; > 0, (40) gives
ri—C=2A;(vj—C), so A; = ||rj — C||/R. Write [r,v] := rjvy — ryv; for the two-dimensional determinant.
For v = (p,—q) with p,q > 0, this determinant does not change when a multiple of v is added to r, and does
not increase when a vector with nonnegative coordinates is added to r. Since y; < 7, the vector r; +z° /P
and hence 7; — r;, has nonnegative coordinates. Therefore

[rji1,vj—1] = [rj,vj1] < [rj,vj-1].
If gj—1 >0, then also ¢; > 0. Substituting rj_; =C+A;_(vj_1 —C) and r; = C+ A;(v; — C) gives
(1=2;-)[Cvja] < (A =2A)[C,vjmt] + Ajlvj,vji].
Using [C,v] = —B(p+¢q) and [vj,vj_1] = pj—19; — Pjq—1, We obtain
A1 <A [1+pj_1(q,-—q,-_1)+q,-_1(p,-_1 —Pj)}
B(pj-1+qj-1)
max{q; —q; 1,pj1—Pj}
5 .

When g1 = 0, the first inequality follows from y; ; <y;, because

Ao :yj—lﬁJrﬁ < J’j;‘ﬁ vy <1+cg>'

The second bounds a weighted average by its larger entry and uses 1 +x < e*.

Since g; is nondecreasing and p(g) + ¢ is concave, the sequence pj+¢; first increases and then decreases.
Moreover, g; —qj-1 > pj—1 — pj exactly when p;+q; > p;j_1 +¢qj—1. Thus the larger coordinate change is
q; — q;—1 before the maximum and p;_| — p; afterward. These changes telescope:

(42)

Sljexp[

Mgap

Y max{g;—q;1,pj-1—pj} = o hax (pj+4a;)—B—q0 < V2R— B —qo.
j=1 =J="gap

The last inequality follows from (p; — )%+ (¢; + B)* = R>. Multiplying (42) and using A,,

ﬂR—ﬂ—qo] Sﬁexp[\@e—ﬁ

ap = 1 gIVES

)

B B

where the last inequality uses 1+ ¢o/B < ¢®/B_ Since yy = 7, this proves the last bound in Lemma A.2. [J

yo+B < (610+B)6XP[
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A.5 Projection properties

The following lemma gives sufficient conditions for @ = 0 and for dy® = 0 in the regions used above.

Lemma A.3 (Projection properties). Let K C R? be compact and convex, with 0 € K, and let z° = (z1,22) €
R2. The function

P(X,Y) = (envi ox)((X,Y) =2°) = 1;163'1?{<g7 (X,Y)—2%) — 5ll8l*}

is nonnegative, convex, and 1-smooth, with V®(X,Y) =g ((X,Y) —z°). Suppose K C {(p,—q) : p,q > 0}.
Then:

(i) dy®(X,Y) <O0forall (X,Y).
(ii) If, for some 6 > 0 and ; > 0, every (p,—q) € K satisfies q < p/0, and zo0 >0, 71 > {; + 22/ 0, then

P(X,Y)=0 whenever X < {;, Y > 0.

(iii) If (p,0) € K whenever (p,—q) € K, then

HhP(X,Y)=0 wheneverY > z5.
Proof. The representation and gradient formula follow from Fact A.1. Since the gradient belongs to K, its

second coordinate is nonpositive, proving (i). For (ii), if X < ¢; and Y > 0, then every g = (p,—¢q) € K
satisfies

(8,(X,Y)=2") =p(X —21) —q(Y —22) < p(li —21) +q22 < 22(q — p/0) <0.

Thus the maximum defining & is zero, attained at g = 0. For (iii), suppose ¥ > z; and g = (p, —¢q) € K has
g > 0. Replacing g by ¢’ = (p,0) € K reduces the squared distance to (X,Y) —z° by

10X, ¥) =" =gl = [[(X,¥) =2° = ¢'|I> = 2q(Y —22) + ¢* > 0.

The projection therefore has second coordinate zero, proving (iii). O

B Proof of Lemma 4.1

We prove Lemma 4.1 here. Throughout, fix 1 <¢ <2 and a > 8, and let p = p(c) be as in (16).

B.1 Bounding the minimum checkpoint cost

In the score (18), only the part of a selected stepsize above 8 appears in the numerator. We therefore separate
each stepsize into a fixed part g; = min{%;,8} and a selectable part B; = (h; —8).. The entry Bj is positive
exactly when index j can be selected. For the proof, allow arbitrary nonnegative vectors g = (g1, .. .,g,) and
B = (By,...,B,) and arrange their entries as

817317827327-”7gr7Br-

Only entries B; > 0 may be selected as checkpoints. The entries g; are included in gap sums and are never
selected. For a selected Bj, let 5; be the sum of all entries after the previous selected B and before B;. For
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the first selected position, the sum starts at the beginning of the list. Let s,; be the sum of the entries after
the final selected B. Define the checkpoint score P(T) and cost QA (T;g,B) by
B .
PT) =[]+, T;g,B) =
(T) Hc(a+sj) On(T;g,B)

jJET

(A~ Stail)

A > a.
P(T) =4

Here the ferminal constant A appears in the factor c(A + s, ) for the gap after the last checkpoint. For the
empty set, P(&) = 1 and Q(9;g,B) = c[A+ X (g; + B;)]. Write
V/\(gaB) = _ min Q/\(T;ng)7 UA(g) ‘= sup V/\(gaB)'
T admissible BE[0,00)"
The entries g remain fixed in this supremum. Taking the supremum over B lets us bound the minimum cost
using only the fixed entries g. A checkpoint set attaining V (g, B) is called tight. We abbreviate QA (T'; g, B)
to OQA(T) when g, B are fixed.

To see why the cost includes a terminal factor, fix an endpoint checkpoint . The score contributed by
checkpoints before and including  is B;/Q,,,, With the cost evaluated on the positions before z. Thus
optimizing additional checkpoints before this endpoint amounts to minimizing that cost.

For the original stepsizes, we add the incoming sum w to the first entry, using the list g; +
w,B1,82,Ba,...,8,Br. Each selected step contributes its fixed part 8 to the preceding sum, so s5;, = s; + 8 in
the notation of (17). This gives P(T) = P,,(T;H).

As in [ , Lemma 3.3], we decompose the minimum cost at a selected checkpoint. The entry g;
immediately before B; stays on the left, so the constant in the left subproblem is a + g;. This is why we allow
any A > a.

Lemma B.1. Forevery g,B€ [0,)", r > 1, and A > a,

Va(g,B) = min{c (A—I— i(gj —I—Bj)> ,

=1
(43)
min Va+gr (gl:tfl 7Bl:tfl )VA(gt+l:ra Bt+l:r) } .
1<r<r B;
B,>0

Here g,., '= (8u,---,8&v) and likewise for B,.,. For empty vectors, V,(D,2) = Uy (D) = cp. The inner
minimum is +oo if no By is positive.

Proof. For a checkpoint set T’ containing #, let 77, T denote its selected indices before and after ¢, reindexed
within the two shorter lists. Then

)= Quteo (Tr:81:4—1,B1:—1) Oa (TR 8 +1: Brs1:r)

T;g.B
OA(T;g B,

Minimizing over Ty, Tz and ¢ accounts for every nonempty checkpoint set. Including the empty set gives
(43). O

To bound Ux(g) using this recursion, we need a maximizing B at which both the empty set and a
singleton are tight. We first show that log O (T) is submodular in the checkpoint set T, following [ ,
Lemma B.1].

Lemma B.2 (Log-submodularity). For any two admissible checkpoint sets S, T,
OA(S)OA(T) > QA(SNT)QA(SUT). (44)
If S and T are disjoint and both nonempty, the inequality is strict. Consequently, tight sets are closed under

unions and intersections, and two nonempty tight sets cannot be disjoint.
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Proof. Inserting a checkpoint. Insert a checkpoint of size B > 0 into a gap. Let ¢ > 0 be the sum of entries
before it in this gap, and let K be the sum after it plus the constant a if the gap ends at an existing checkpoint,
or A if it is the final gap. Thus K > a. Before insertion, this gap contributes ¢(¢ + B+ K) to Qx. After
insertion, it contributes c(a+ ¢)cK /B, so the cost is multiplied by

cla+10)K
B({+B+K)

Its logarithmic derivatives with respect to £ and K are 1/(a+¢)—1/({+B+K) and 1/K—1/({+B+K),
respectively. Both are positive because B > 0 and K > a, so the ratio is strictly increasing in both variables.

Comparing checkpoint sets. Insert the checkpoints in S\ 7', one at a time in the same order, into SN 7 and
into T. At each insertion, the set built from 7 contains the set built from SN 7. Its gap containing the new
checkpoint therefore starts no earlier and ends no later, so its values of ¢ and K are no larger. If this gap
ends at a checkpoint while the corresponding gap for the smaller set is final, the constant in K also decreases
from A to a < A. Multiplying the insertion ratios gives

OA(S) >QA(SUT)
OA(SNT) = Qa(T) ~’

which proves (44). If S and T are disjoint and nonempty, the first insertion compares the empty set with 7.
Every selected entry in T is positive, so at least one of /, K is strictly smaller when inserting into 7'. The first
comparison, and hence the final inequality, is strict.

Finally, if S, T are tight and V = V (g, B), then

V2> OA(SNT)OA(SUT) > V2.

Each factor in the middle is at least V > 0, so both equal V. Thus SN7T and SUT are tight. If S,7 were
also nonempty and disjoint, the first inequality would be strict, a contradiction. O

We now prove the analogue of [ , Lemma 3.4], keeping the fixed entries g unchanged.

Lemma B.3. For fixed g € [0,00)", r > 1, and A > a, the supremum defining Ux(g) is finite and attained. At
every maximizing B, the empty set and a singleton are tight.

Proof.

Step 1. Finiteness of Us(g). We induct on the length r of g, simultaneously for all g > 0 and A > a. The
case r = 0 is Uy (@) = cA. For an arbitrary B, let Byax = max;Bj. If Bpax < 1, the empty set gives

W@&Sc@+2&+a~
J
Otherwise, choose j with B; = Byax and split at j in (43). Using the empty set on the left gives

cla+gj+Yic;(gi+Bi))
B,

VA(gaB) < UA(gj+l:r) <c <r+a+2gi> UA(ngrl:r)-
i

The finitely many possible suffixes have finite Up by induction, so these bounds are uniform over B.
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Step 2. Existence of a maximizer. For fixed g, the function V4 (g,B) is continuous at every finite B > 0.
Indeed, costs selecting an entry that tends to zero diverge, since all numerator factors stay positive. Such
sets cannot minimize the cost nearby because the empty-set cost stays bounded. The remaining costs are
continuous, and their finite minimum is therefore continuous.

Choose B®) with V (g,B(k)) — Ua(g). If this sequence were unbounded, pass to a subsequence along
which each coordinate has a limit in [0, | and at least one tends to infinity. Let j be the first such coordinate,
so the preceding entries stay bounded. Splitting at j and using the empty set on the left yields

) oo pW
a+gj+Yic;(8i+B8)

(k)
B;

<
Va(g,B%) <

U/\(gj-i-l:r) —0.

This contradicts Ua(g) > Va(g,0) = c¢(A+Y;g;) > 0. Thus a subsequence converges to a finite B, and
continuity gives Va(g,B) = Ux(g).

Step 3. Tightness of the empty set. Fix a maximizing B and write V = V, (g, B). If a perturbation strictly
increased every tight cost, all other costs would remain above V for sufficiently small perturbations, by
Step 2. Since there are finitely many checkpoint sets, their new minimum would exceed U, (g), a contradic-
tion.

Suppose that the empty set were not tight. By Lemma B.2, the intersection of all tight sets is tight and
hence nonempty. Choose j in this intersection and slightly decrease B, keeping it positive. Every tight set
selects j, so its cost depends on B; only through 1/B; and strictly increases. The observation above gives a
contradiction. Thus the empty set is tight.

Step 4. Existence of a tight singleton. There must also be a nonempty tight set. Otherwise, increasing
any B; slightly would increase the only tight cost, that of the empty set, contradicting Step 3.

Let T, be the intersection of all nonempty tight sets. By Lemma B.2, T, is nonempty and tight. Suppose
it contains distinct indices i, j, and put u = B;, v = B;, with u <v. If u < v, choose 1 < 8 < v/u and replace
(u,v) by (u—t,v+ 6¢t) for sufficiently small > 0. If u = v, replace them by (u—t,u -+t +t*/(2u)). In both
cases the sum increases and the product decreases. The empty-set cost therefore increases. Every nonempty
tight set selects both entries, so its cost depends on them only through 1/(uv) and also increases. This again
contradicts Step 3. Hence 7 is a tight singleton.

O

Splitting at this singleton gives two shorter lists whose empty sets are both tight. As in [ ,
Lemma 3.5 and Appendix B.3], we apply induction to these lists to bound Ux(g). The induction step
uses the following scalar inequality, proved as in [ , Lemma B.2]. The case ¢ = 2 also follows by
rescaling [ , Lemma C.4].

Lemma B.4. Ifx,y >a, B> 0, and
W=x+y+B—a, WB = cxy,
then W1/P §xl/p+y1/p.

Proof. SetW = (x'/? +y!/P)P_ Our goal is to show W < W. Define w(X) = X2 — (x+y)X — cxy. Eliminating
B gives
y(W)=—aW <0.
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Since W has exactly one positive root and W, W > 0, it suffices to prove y(W) > 0. Set z = (x/W)! /P, 5o
1—z=(y/W)"/P and z € (0,1). Then

WLW)

74

=1-7@), [f@):=+(0-2)"+clz(1-2)]".
Thus it remains to show f(z) < 1 on [0,1]. The choice p = log,(1 +/1+c¢) gives ¢ = 2% —2P*!, 50
f(0)=f(1/2) =1.0n (0,1/2),
@) =p(1-2"'gk), g@)=010-2""~2""P+c(1-22).
Moreover,
g'@=pp-D[(1-2)" =27 1]<0,  g0+)=—e,  g(1/2)=0.

Concavity implies that g either stays negative or changes sign once from negative to positive. Thus f either
decreases or first decreases and then increases, so its maximum on [0, 1 /2] is at an endpoint. By symmetry,
f(z) <1on|0,1],s0 y(W) >0and W < W, as required. O

We now use this inequality to bound Uy (g) by induction.

Lemma B.5. For every g € [0,0)" and A > a,

1/p r
[UA@] SAl/p+Z(a+gj)l/p.
=1

C
Jj=

Proof. We induct on r, simultaneously for all g > 0 and A > a. The case r = 0 is U5(&) = cA. For r > 1,
choose a maximizing B. By Lemma B.3, the empty set and a singleton {z.} are tight. Set

W:=Ux(g)/c, x=a+g,+) (g+Bj), y=A+) (g+B)).

J<ti J>ts
Then x,y > a and B;, > 0. Tightness of the empty set and singleton gives
W=x+y+B; —a, WB;, = cxy.

Thus Lemma B.4 gives W!/? < x1/P 4-yl/p
The recursive decomposition (43) and the empty-set costs on the two sides give

Va"!‘gr* (gl:t*—l7Bl:t*—])VA(gt*-‘rl:r;Bt*—',-l:r) < szy o

W <
= B, =B,

cW.

*

Both numerator factors therefore equal their empty-set bounds cx and cy, respectively. Applying the induc-
tion hypothesis to the two shorter lists yields

A< (at )P+ Y (atg)'?,

J<ti

yr < AP 4 Z (a+gj)1/”.

J>t

Adding these bounds proves the claim.
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B.2 Bounding the sum of entries when the maximum checkpoint score is one

Since Vi (g,B) < Ua(g), Lemma B.5 bounds the minimum cost for every B. We use it to bound ¥ ;(g; + B;)
when maxz P(T) = 1. For the original stepsizes, this gives part (i) of Lemma 4.1 and the bound on sy in
part (ii). First we bound the number of entries B; above each level g > 0, then integrate this bound to obtain
their sum. For this subsection, writt M =Y_(a+g 7)1/ for the sum over the fixed entries in Lemma B.5.

Lemma B.6 (Level-set bound). If maxy P(T) = 1, then for every g > 0,
#{j:B;>q} <c/PmgV/r.
Proof. Fix g > 0 and list the positions with B; > g as j; < --- < ji. The claim is immediate if k = 0.
Otherwise set jo = 0 and
Ji k
M= Y (a+g)/? (1<i<k), Y M<M.
t=ji_1+1 i=1
Select every j;. Between j;_; and j;, choose additional checkpoints to minimize the cost with terminal

constant a+ g ,. By Lemma B.5, this minimum is at most cM?”’, so this part of the score is at least B,/ (cM?’).
Multiplying these factors and using the arithmetic—geometric mean inequality gives

k k(/k Pk
_ 4q q ~
l_m?XP(T)ZHcM.p = (c) <M) ’

Taking kth roots yields k < ¢'/?Mq~1/?  as required. O

We now convert this counting estimate into a bound on the sum of entries.

Lemma B.7. [fmaxy P(T) = 1, then

Y (g;+B)) < <1 + pc_pl> MP.

J
Proof. If the list is empty, both sides of the claimed bound are zero. Otherwise, Lemma B.6 gives

N(q):=#{j:B;>q} <c'/Pmq /7.
If max;B; > 0, take 0 < ¢ < max;B;. Then N(g) > 1, and hence
Letting ¢ T max; B; gives

maxB; < cM?.
J

This bound also holds when all B; = 0. Therefore,

cMP : cMP . cp
) Bj= N(Q)dqﬁc/”M/ q /”dqzilM”-
- 0 0
J

It remains to control the sum of g;. Since p > 1, subadditivity gives

1/p
(ng> <Y/ <Ylatg)" =M.
J j 7

Combining the two estimates gives

Y (gj+B) <M+ L mr— (14 L.
- p—1 p—1
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B.3 Deriving the checkpoint bounds

We now return to the original stepsizes and the checkpoint score P, (7T; H) to prove Lemma 4.1.

Proof of Lemma 4.1. Let hy, ..., h, be the stepsizes in the current block, where » < m, and let w be the sum
of stepsizes in the incoming tail from preceding blocks. Take g; = min{/;,8} and B; = (h; —8),. As
explained in Section B.1, the list g; +w, By,g2,B2,...,&, B, has score P(T) = P,,(T;H).

For this list, write

M=(a+gi+w)"+} (a+g;)"'"
j=2

Since p > 1, subadditivity of /7 gives
(a+g1+w)"/? <w'P 4 (a+g))"".
Since g; < 8 for every j, it follows that
M <w'P 4 r(a+8)'/P <w!/P 4 21/Ppgl/p,
Using (u+v)? < 2P~ (uP 4+ vP), we obtain
MPSC(w—i—arp)gC(w—i—am”), 45)

where C is an absolute constant as the range of p is bounded.

Proof of (i). If the empty set maximizes P, its maximum is one. Applying Lemma B.7 to this list and
using (45) gives
r Cp
w4+ ) hj<|14+—— M <Cp(w+am”).
j:ZI j = < p— l) = b( )

The constant is uniform because ¢ and % are bounded.
Proof of (ii). Nowlet7 = {r; < --- <} be a nonempty maximizing checkpoint set, and put zp = 0. Group
the positions from #;,_; + 1 through ¢;, including the selected endpoint, and define

51 ti
My=(a+g+w)"+Y (a+g)'?, M= Y (a+g)'? (2<i<k).
j=2 j=tis1+1

We claim that
a+si+8 <M. (46)

Keep #; fixed. Inserting checkpoints before it cannot increase the score, so the empty set minimizes the cost
of this gap. Its cost is
cla+si+38).

Ifi=1and#; = 1, the incoming sum w is attached to the selected endpoint itself, and a+ 8 +w = M directly.
Otherwise, apply Lemma B.5 to the unselected positions before #;, with terminal constant A = a+ g, = a+38.
The term A!/? is exactly the endpoint contribution in M;. In the first gap, use g; +w as the first fixed entry.
This gives (46) in every case. The groups defining the M;’s are disjoint, so

M; <M.

k
=1

1
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Since p > 1,
p
cZ(a—i—si—i—S) < CZMIP <c <ZM,~> < cM?P < Cp(w+ar?).

For the tail after #;, the incoming sum is zero. Any checkpoint set in this tail with score greater than one
could be appended to T to increase its score. Hence the maximum score in the tail is one, and Lemma B.7

gives
P p
c
Stail < <1+p—pl> [ Z (a-i—gj)l/p < Cpam?.

j=t+1

Here we used g; < 8, a > 8, and r < m. The same bound holds for an empty tail.

Proof of (iii). For consecutive checkpoints t; < t;|, writtx =a+s;+8,y=a-+s;;1 +8,and B=b; — 8.
Delete the checkpoint at #;, while retaining all the other checkpoints. The two gaps adjacent to ¢; then merge,
and the step at #;, whose full stepsize is h;, = B + 8, becomes part of the merged gap. The denominator at the
next checkpoint is therefore

c(a+si+(B+8)+sit1+8) =c(x+y+B—a).
All other factors remain unchanged. Comparing the score before and after deletion gives

B b1 -8 S biy1—8
cx ¢y ~clx+y+B—a)

Cancelling the positive common factors gives

B(x+y+B—a) > cxy. (47)
We next prove
XYy
3 <2(x+Yy). (48)

If B < x+y, then (47) gives

B—
2 < rryrood <x+y+B<2(x+y),
B c
where we used ¢ > 1 and a > 0. If B > x+y, then by the arithmetic—geometric mean inequality,

Xy Xy X+y
L — < —2<L2 .
B x+y~— 4 — (x+y)

Dividing (48) by xy gives part (iii).

Proof of (iv). Deleting the final checkpoint cannot increase the score. Since

by —8

Py(T;H) = P,(T \ {fk}ZH)m>

the last factor is at least one, proving part (iv). O
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C Proof of Lemma 4.2

We first prove the auxiliary lemma used to justify the second case of the repair rule in Section 4.2.

Lemma C.1. Let hy,...,h, > 0, where r > 1, and let ' := Y, | h, > 0. At least one of the following
alternatives holds:

1. There exist 1 <i < j <rsuch that

s’ = :
h,‘,hj > ﬁ’ Z ]’lt < mln{hi,h]’}.
r t=i+1

2. There exists 1 <i < r such that h; > 3S'/4.

Proof of Lemma C.1.
Suppose the first alternative fails and set T = §'/(8r%). Then

j—1
Y he>min{h;,h;}  wheneveri < jand hi,h; > 1. (49)
t=i+1

We will show that the sum of all terms other than the largest is at most S’ /4.

Two inductive estimates. Consider a nonnegative sequence a1, ...,a; satisfying (49) with a; in place of
h;. We prove the following two estimates together by induction on &:

(1) If a; <Y, ;a; whenever a; > 7, then Zf?zl a; < 2Tk
(i1) If, in addition, a; < },-;a; whenever a; > 7, then Zf-‘zl a; < Tk

The stronger estimate (ii) is needed to apply the induction to the terms before the largest element.

Both estimates hold for k = 0, and for £ > 1 when every a; < 7, since then } ;a; < kT < tk?. Otherwise,
choose a; = max;a; > 7 and write Sy :=Y;_.a; and Sg := ) ;- a;. Applying (49) between a; and each a; > T
gives

a; < Zat l<Z a,<2at l>Z
t=i+1 t=z+1
Under either hypothesis, the left subsequence inherits the bound by preceding terms from the full sequence,
so it satisfies both conditions in (ii). The right subsequence satisfies the condition in (i). If the full sequence
satisfies (ii), the right subsequence also inherits the bound by following terms. Both subsequences retain
(49).

Under the hypothesis of (i), we have a, < S;. Applying (ii) to the left subsequence and (i) to the right

gives

k
Y a; <28+ Sk <2t((z—1)* + (k—2)%) < 27k%.
i=1

Under the hypothesis of (ii), we have a, < min{S;,Sg}, and both subsequences satisfy (ii). Thus

k
Y ai < Sp+min{S., Sk} + Sk
i=1

<t((z—1)*+min{(z— 1)%,(k—2)*} + (k—2)?)
< t(k—1)* < Tk,

where the last line uses min{(z — 1)?, (k—z)?} < 2(z— 1)(k — z). This proves both estimates.
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Applying the estimates. Choose h, = max,h, > S'/r > 7. By (49), the reversed left subsequence
(h;—1,...,h) and the right subsequence (A, 1,...,h,) satisfy the hypothesis of (i). Applying that estimate
gives

S/

T

Hence h, > 3S'/4, as required by the second alternative. O

S’ —h, <27((z— 1%+ (r—z)z) <21’ =

We now prove Lemma 4.2, first verifying the repair rule and then establishing its guarantees.

Proof of Lemma 4.2.
Fix Cyp > 1 and R = 32Cy, and choose

1 1
S0 = SR+1) 7 4096(1+Co)2
Let the data satisfy the hypotheses of the lemma. Then
S CoSo 1
< U« —
K~ K = 50 8

For candidate checkpoint indices chosen by the rule, set o = 0, write b; := h;,, and define

ti—1

ti—1
si= Y, h, =[] A-h/x) (1<i<q). (50)
t=ti_1+1 t=t; 1+1
Thus every repair gap satisfies s; < S < k, and every stepsize lies in [0, k).
Step 1. Verifying the repair rule. Define

.
Jx ::max{je {1,....r}: Y Iy >So/8}.
1=j

This index exists because S > Sp. Set §' ;==Y j. hv. By maximality of j,,

S 4 S
s> Y h< (51)
8 i 8
The set {j.,...,r} is the shortest suffix used in the repair rule. If it contains a stepsize at least So/16,

the rule selects ¢ = 1 and gives b; > Sp/16. Otherwise, every stepsize in this suffix is less than Sp/16.
Apply Lemma C.1 to this list. Its second alternative is impossible, since it would give a stepsize at least
38’ /4 > 380/32 > Sp/16. Since the list has at most r entries, the first alternative supplies two stepsizes at
least S'/(8r%) > So/(64r%), with the intervening stepsizes summing to at most the smaller of the two. Thus
the repair rule can always be carried out.

Fix any checkpoint selection permitted by the rule. If g = 2, then

Hh—1

S
by,by > WOZ’ Sy = Z hy < min{bl,bz}. (52)
r t=t1+1

In both cases, the selected stepsizes are positive and all selected checkpoints belong to this suffix. Moreover,
1y > jx and (51) give

r
Z ht < & S &7
t=ty+1 8 4

which proves (iii).
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Step 2. Positivity and bounds on ¢, /D;;;. With these checkpoint indices fixed, let /; > 0 and D; > 0
be arbitrary with ¢; /D; < R. We first check that the components can be constructed, then bound the final
relative threshold. For s; and ); from (50), the estimate (10) gives

S S 1 .
nizl-—>1-—>5 0<k(l-g)<s (1<i<q)
We construct the components successively from (¢;, D). Whenever ¢; > 0, D; > 0, and 1; > 0, Lemma 3.2
applies at #; and gives ¢;.1 > 0, D;1 > 0, and

Diy1 _ (1—1/x)b;ixin;
D; 22+ (k—1)(1—x)]
Gir _ K(L=2) _ 2si

Diyy bixi T bi
For the first checkpoint, the initial bound ¢; /D < R implies

m:l—(l—xl)(l—i—ll;]) >1—(R+1)

(33)

>

S
K

ool

1
Thus D, > 0, and (53) applies to the first transfer.
If g = 2, the relative threshold ¢, /D, may be large, but s, < b; in (52) controls the contraction loss in
the second gap. Using also s1 + s, < S, we obtain

2 52 251
_ —(1— 2 ) <22 =
t=m=0 %2)<1+D2>_ K<1+b1>

Lt 28 1
- K — x4

Hence 1 > 3/4 and D3 > 0. All the repair components can therefore be constructed, with 1; > 1/2 for
every 1 <i<g.
Finally, (53) and the checkpoint choices give

£y < 251 < 2CoSo

2 —R ifg=1
D: = b1 = So/16 na=5
€3 2S2 .

5 hop fg=2
Dy = by S5 Ha=s

where we used the bound s, < b, in (52). This proves (ii).

Step 3. Bounding D, /D, from below. Since x >4, x; > 1/2, and 1; > 1/2, the first identity in (53)
gives

Diyq 3b; b, .
> > 1<i<q). 54
D; = 64(1+8) = 64(1+Co)So (I<i<q) 9

Weused 2+ (kK — 1)(1 — xi) <245, <2(1+5S), followed by S < CpSp and Sp > 1.
If g =1, then b; > Sp/16, so

D, 1 »
.- s 1),
Dy = 100a(15Cy) = 0+

If ¢ =2, then (52) and (54) give

== = > ).
Dy~ Dy Dy = [4096(1  Cyr22 0 Zcolr+ )
Together with the positivity of 1; and D; | established in Step 2, these bounds prove (i). O
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