
Silver Rate Is (Almost) Optimal for
Gradient Descent
Yuhan Ye and Kaizhao Liu

Research blog version of Silver Rate Is (Almost) Optimal for Gradient Descent (arXiv:2609.09152).

Updated November 4, 2026. In a follow-up work [LY26], we also prove a lower bound matching

the silver exponent for smooth strongly convex objectives.

Abstract

Gradient descent (GD) is one of the most fundamental algorithms in optimization. Yet even for

smooth convex objectives, the optimal rate among predetermined nonnegative stepsize

schedules has remained unresolved. Altschuler and Parrilo showed that their recursive silver

stepsize schedule achieves an  rate, where , improving

upon the classical  rate of constant-step GD. Although the optimality of  has been

well supported by numerical evidence for small , a matching lower bound has remained

missing.

In this paper, we prove an  lower bound for GD, showing that  is the optimal

convergence exponent. Additionally, we prove an anytime lower bound that matches the

exponent  of the known upper bound [ZLDC25].

1. Introduction
We consider the minimization of a smooth convex function . A standard algorithm

for this problem is gradient descent (GD), with a history dating back to Cauchy [Cau47]. Given a

stepsize schedule  fixed before the optimization begins, GD

proceeds via the iteration

In this paper, we study the limits of this method’s convergence rate. To formalize this question,

let  be the class of convex -smooth functions on  with a nonempty set of

minimizers. We measure the convergence rate achieved by a schedule  using its worst-case

(normalized) function suboptimality

O(n−psil) psil = log2(1 + √2) ≈ 1.2716
O(n−1) psil

n

Ω(n−psil−o(1)) psil

2psil/(1 + psil) ≈ 1.1195

f : R
d → R

H = (h1, … ,hn) ∈ [0, ∞)n

xt = xt−1 − ht∇f(xt−1), 1 ≤ t ≤ n.

FL(R
d) L R

d

H

Rn(H) := sup
d∈N

sup
f∈FL(Rd)

sup
x∗∈arg min f

sup
x0∈Rd∖{x∗}

f(xn) − f(x∗)
L
2 ∥x0 − x∗∥2

. (1)
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Classical Results.

Classical convergence analyses of gradient methods can be traced to [LP66]. With the constant

stepsize of , GD achieves the classical  rate; see the textbooks [Pol87], [Nes04],

[Bub15]. This rate is tight, even in one dimension [DT14].

To obtain faster rates, classical acceleration methods introduce momentum or auxiliary

sequences, as in Polyak’s heavy-ball method [Pol64] and Nesterov’s accelerated method [Nes83].

The latter attains an  rate for smooth convex objectives, matching the classical 

lower bound for deterministic first-order methods established by Nemirovsky and

Yudin [NY79].1 These accelerated methods, however, modify the original GD update. For GD

with predetermined stepsizes, the classical results therefore leave a gap between the 

upper bound and the  lower bound.

Breakthrough in Upper Bounds: Acceleration via Silver Stepsize Schedule.

For many years, the  rate remained the best general upper bound known for GD,

leaving open the question of whether stepsize choice alone could improve it. In recent years,

computer-assisted analyses have opened up new opportunities for acceleration by helping

identify better stepsize schedules. Drori and Teboulle [DT14] introduced performance estimation

problems (PEPs), which express a method’s worst-case error after a prescribed number of

iterations as an optimization problem. Exact interpolation conditions characterize when

prescribed function values and gradients at finitely many points come from a single function in

the specified class [THG17]. These conditions give exact semidefinite formulations of PEPs for

fixed-step methods.2 Using PEPs to analyze and optimize GD stepsize schedules over short

horizons, Altschuler showed in his thesis [Alt18, Chapter 8] that coordinating short and long

steps can improve convergence in the strongly convex setting. Such gains require a joint analysis

of multiple steps, since separate bounds on individual steps fail to reflect this advantage.

Altschuler and Parrilo [AP25a] introduced the recursive silver stepsize schedule for smooth

strongly convex objectives. Their schedule reduces the squared distance to the minimizer by a

factor of  in  iterations, where  is the condition number and

.3 They later extended their silver schedule to general smooth

convex objectives, obtaining an  rate [AP25b]. In the same work, they conjectured that

 is the optimal polynomial convergence exponent, which is supported by numerical solutions

at small horizons [DGVPR24]. Subsequent work improved the constants in the bound on

function suboptimality and established accelerated gradient-norm guarantees [GSW25a].

Further work also gave rules for combining shorter schedules to obtain the silver rate at

arbitrary prescribed horizons [GSW25b], [ZJ26]. For a broader introduction to stepsize-based

acceleration, see the recent survey [AP26].

The smooth convex silver-rate results above concern the non-anytime (finite-horizon) setting, in

which the schedule may be chosen separately for each fixed horizon . In the anytime setting,

one infinite schedule  is used across all horizons, with . By

combining silver-schedule blocks, [ZLDC25] construct such a schedule with an 

1/L O(n−1)

O(n−2) Ω(n−2)

O(n−1)
Ω(n−2)

O(n−1)

ε O(κ1/psil log(1/ε)) κ

psil := log2(1 + √2) ≈ 1.2716
O(n−psil)

psil

n

H = (ht)t≥1 Hn = (h1, … ,hn)
O(n−pany)
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guarantee at every stopping time, where . This resolves the

open problem [KS24] of whether stepsize choice alone can accelerate GD uniformly over all

stopping times.

Recent Progress on Lower Bounds.

Despite these improved upper bounds, the best-known lower bound for GD until recently was

the classical  bound [NY79]. Nesterov [Nes04] provides a simple quadratic zero-chain

construction for this lower bound. By initializing at the origin, a method satisfying the linear-

span assumption can reach at most one new coordinate per iteration, while the minimizer has

nonzero entries farther along the chain. Even exact minimization over the reached coordinates

leaves an  error. Using PEP, [KF16] developed the optimized gradient method (OGM),

whose bound on function suboptimality was later proved optimal in both rate and

constant [Dro17]. The lower bound construction in [Dro17] combines smooth convex

interpolation with a zero-chain property. These results sharpened the constants of the classical

lower bound, but did not improve the convergence exponent for GD with predetermined

stepsizes.

In recent months, a sequence of results brought the lower bounds closer to the silver-rate

upper bounds  and  in the non-anytime and anytime settings, respectively.

[MC26] proved an  non-anytime lower bound, and a subsequent blog post [Tsa26]

sharpened it to . For the anytime setting, [TFZH26] proved an  lower bound.4

In our previous work [YL26], we proved an  non-anytime lower bound and an

 anytime lower bound for arbitrary real-valued stepsizes. To the best of our

knowledge, these remain the strongest known lower bounds when negative stepsizes are

allowed. For nonnegative schedules, [JCY26] further improved the non-anytime and anytime

lower bounds to  and , respectively. Their hard instances form a chain

of local one-sided Huber functions5 coupling adjacent coordinates, much like Nesterov’s

quadratic chain.

1. A deterministic first-order method accesses the objective only through function values and

gradients at arbitrary points. Nesterov’s simpler quadratic-chain proof assumes

, referred to as the linear-span assumption [Nes04,

Assumption 2.1.4].↩︎

2. Fixed-step methods use predetermined coefficients to combine past gradients and may use

momentum.↩︎

3.  is the silver ratio, whose base-  logarithm is . For smooth strongly convex

objectives, constant-step GD has an  iteration bound, while Nesterov

acceleration achieves  using momentum [Nes83].↩︎

4. Throughout, we use the phrase ‘  anytime lower bound’ as shorthand for the statement

that no single infinite stepsize schedule achieves an  rate.↩︎

5. The one-sided Huber function is defined in Section 2.↩︎

pany := 2psil/(1 + psil) ≈ 1.1195

Ω(n−2)

Ω(n−2)

O(n−psil) O(n−pany)
Ω(n−1.932)

Ω(n−√3) Ω(n−4/3)
Ω(n−1.6342)

Ω(n−1.2408)

Ω(n−1.4500) Ω(n−1.1837)

xt ∈ x0 + span{∇f(x0), … , ∇f(xt−1)}

1 + √2 2 psil

O(κ log(1/ε))
O(√κ log(1/ε))

Ω(n−p)
o(n−p)
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1.1 Main Results

A key limitation of the local one-sided Huber functions in [JCY26] is that their fixed gradient

directions restrict the tightness of the resulting lower bounds. We address this by refining these

local functions to bend the gradient descent trajectory, which allows us to establish tighter lower

bounds with exponents  and .

Theorem 1.1 (Finite-horizon error lower bound).

There is an absolute constant  such that for every sufficiently large  and every

schedule ,

Theorem 1.2 (Anytime error lower bound).

There is an absolute constant  such that every infinite nonnegative schedule

 satisfies

for infinitely many , where .

Together with the corresponding upper bounds [AP25b], [ZLDC25], our results identify  and

 as the optimal polynomial convergence exponents in the non-anytime and anytime

settings, respectively. This resolves the conjecture of Altschuler and Parrilo [AP25b] that the

silver exponent is optimal. Sections 2–4 explains the idea behind our hard function construction.

psil + o(1) pany + o(1)

C > 0 n

H ∈ [0, ∞)n

Rn(H) ≥ n
−(psil+C√ log logn

logn )
. (2)

C > 0
H = (ht)t≥1

Rn(Hn) ≥ n
−(pany+C√ log logn

logn )
(3)

n pany := 2psil/(1 + psil)

psil

pany
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Figure 1. Lower and upper bounds on the optimal polynomial convergence exponents for non-

anytime and anytime gradient descent.

1.2 Additional Literature Review

1.2.1 Early work on quadratic objectives.

For a quadratic objective , the error  is given by a

polynomial in  applied to . When the spectrum of  lies in  with , the

choice of predetermined stepsizes reduces to a classical polynomial minimax problem [Gav50],

[GV61]. Young [You53] used Chebyshev stepsizes to attain the optimal 

iteration bound for reducing the squared distance to the minimizer by a factor of , where

. Conjugate gradients [HS52] and the heavy-ball method [Pol64] achieve acceleration

on quadratic objectives through recurrences that also use previous iterates. This polynomial

analysis relies on the constant Hessian of quadratic objectives and does not directly extend to

general smooth strongly convex functions [Alt18, Chapter 8].

1.2.2 Accelerating GD via stepsize schedules.

Beyond quadratics, Altschuler's thesis [Alt18, Chapter 8] established improvements over short

horizons in the strongly convex setting. Later, Grimmer [Gri24] proved that periodic long steps

improve the function suboptimality bound by a constant factor when the initial level set is

bounded. The silver schedules discussed above improve the polynomial exponent in both the

strongly convex and general smooth convex settings [AP25a], [AP25b]. For the original smooth

convex silver schedule, [WMYZ26] determine the exact worst-case bound on function

suboptimality at horizons . As follow-up work on the silver schedule, [GSW25b],

[ZJ26] developed composition and concatenation rules that improve the constant factor and

yield the silver rate at arbitrary prescribed horizons. Under the symmetric composition rules in

these works, [LCJW26] proved that recursively combining schedules whose lengths differ by at

most one minimizes the worst-case bound on function suboptimality at every horizon.

[GSW25b] also proved that the silver rate is minimax optimal within a family of schedules

f(x) = 1
2 (x − x∗)⊤A(x − x∗) xn − x∗

A x0 − x∗ A [μ,L] μ > 0

O(√κ log(1/ε))
ε

κ = L/μ

n = 2k − 1
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generated by their recursive composition rules. The silver-rate guarantee has also been

extended to proximal and projected GD [BA26]. For separable smooth strongly convex

objectives, Altschuler and Parrilo [AP24] obtained asymptotic acceleration using random

stepsizes.

Acceleration through stepsize choice has also been studied in learning problems and min-max

optimization. For linear regression, periodic schedules combining short and long steps

accelerate GD when the Hessian eigenvalues form two clusters [Oym21]. For linearly separable

logistic regression, a large constant stepsize chosen based on the horizon length gives an

 loss bound [WBTY24]. Large constant stepsizes also improve convergence guarantees

for certain two-layer networks trained with logistic loss [CWM+24] and for regularized logistic

regression on separable data under suitable regularization conditions [WMB25]. More recently,

GD with a predetermined stepsize schedule achieves stretched exponential loss decay for

separable logistic regression [KMM+26]. Beyond minimization, power-law schedules accelerate

the last-iterate convergence of the extragradient method on unconstrained biaffine min-max

problems [WZCL26].

1.2.3 Performance estimation.

As mentioned above, PEPs provide a systematic framework for analyzing and designing first-

order optimization methods. Optimizing a PEP guarantee over the method's coefficients can

identify first-order methods with optimal convergence guarantees within a chosen class [DT20].

Within the class of fixed-step methods, [GJP26] proved that OGM uniquely minimizes worst-case

function suboptimality. Branch-and-bound methods have also been used to numerically solve

the minimax problem for GD with horizons up to , yielding predetermined stepsizes that

minimize the worst-case function suboptimality over smooth convex functions [DGVPR24,

Section 6.1]. These numerical solutions closely agree with the recursively constructed schedules

in [GSW25b], providing numerical support for the optimality of . For a broader perspective

on minimax optimality, see the survey [GSW26].

2. Classical Lower Bound Constructions
We first review classical lower bound constructions and the recent hard functions of [MC26],

[JCY26], highlighting the ideas that guide our construction. We then present the idea behind our

hard function construction.1

1. Replacing  by  and each  by  preserves the iterates and normalized function

suboptimality, so we use  in the constructions and proofs below.↩︎

Õ(n−2)

n = 25

psil

f f/L ht Lht

L = 1
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2.1 The Role of Huber and Quadratic Functions

To build intuition, consider two basic one-dimensional hard functions first. A one-sided version

of the classical Huber function [Hub64] is defined by

Its gradient is constant on the affine region , so short steps make slow progress toward

the minimum. Next, consider the quadratic objective , where the update is

, so a large step ( ) overshoots the minimizer and increases the

distance to it. These examples yield the following elementary lower bounds.

Fact 2.1 (Huber and quadratic lower bounds).

Let  and .

1. (see [YL26, Fact A.1]) If every step is short ( ), a Huber example gives

2. If every step is long ( ), the quadratic  gives

Every constant schedule falls into one of these two cases and therefore has a worst-case error

of . More precisely, the same examples give [DT14, Section 3.2]

For all , this lower bound matches the upper bound exactly, including the constant

factor [Kim24].

Hδ(z) := δ > 0.
⎧⎪⎨⎪⎩0, z ≤ 0,
z2/2, 0 ≤ z ≤ δ,
δz − δ2/2, z ≥ δ,

z ≥ δ

f(x) = x2/2
xt = (1 − ht)xt−1 ht > 2

n ≥ 1 H = (h1, … ,hn) ∈ [0, ∞)n

ht ≤ 2

Rn(H) ≥
1

1 + 2∑n
t=1 ht

≥
1

4n + 1
.

ht > 2 f(x) = x2/2

Rn(H) ≥
n

∏
t=1

(1 − ht)
2 > 1.

Ω(n−1)

Rn(h, … ,h) ≥ max{
1

1 + 2nh
, (1 − h)2n}, h ≥ 0.

0 < h < 2
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These examples suggest that a hard function for GD should combine affine regions that delay

progress during short steps with quadratic curvature that causes large steps to overshoot the

minimizer. This insight also appears in PEP analyses [DT14] and motivates hedging between

short and long steps in the silver schedule, which yields the accelerated upper bound [AP25a,

Section 2.1].

Proof of the Huber and quadratic lower bounds

Set  and . Start GD on  at . Since the stepsizes are

nonnegative, induction gives

Every iterate therefore stays in the affine region, where the gradient is . Since  minimizes ,

If every , then , giving .

For  and , the recurrence gives , so the normalized

error is . When every , every factor exceeds one. For a constant schedule,

the worst-case error is at least the larger of the Huber and quadratic errors, giving the stated

maximum.

2.2 The Role of Zero-Chains

As discussed above, using the Huber function alone yields a lower bound that weakens as the

sum of stepsizes grows. A different approach uses higher-dimensional hard functions to ensure

the minimizer has non-zero components in unexplored directions. Nemirovsky and

Yudin [NY79] used this idea to establish the classical  lower bound for general

deterministic first-order methods. Under the linear-span assumption1, Nesterov [Nes04, Section

2.1.2] presents a simpler quadratic zero-chain that limits how quickly a method can explore new

coordinates, regardless of its stepsizes. This chain couples adjacent coordinates  and 

through quadratic terms, where  denotes the th coordinate of .

S := ∑n
t=1 ht δ := 1/(1 + 2S) Hδ x0 = 1

xt = 1 − δ

t

∑
j=1

hj ≥ 1 − δS ≥ δ.

δ 0 Hδ

2[Hδ(xn) − Hδ(0)]

|x0|2
= 2δ(1 − δS) − δ2 =

1

1 + 2S
.

ht ≤ 2 S ≤ 2n 1/(4n + 1)

f(x) = x2/2 x0 = 1 xn = ∏n
t=1(1 − ht)

∏n
t=1(1 − ht)2 ht > 2

Ω(n−2)

x(j) x(j+1)

x(j) j x
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Fact 2.2 (Nesterov’s quadratic chain [Nes04, Section 2.1.2]).

Fix  and let . The function

is convex and -smooth. Starting from , every method satisfying the linear-span

assumption obeys

In particular, this holds for GD with any choice of stepsizes.

The bound follows from the first-order zero-chain property of [DT22, Definition 1]. This means

that, for every ,

Starting from , each iteration of a method satisfying the linear-span assumption can

therefore introduce at most one new coordinate, so  for . The minimizer, however,

has  in every coordinate. Minimizing  with 

and comparing the result with  gives the lower bound in Fact 2.2 [Nes04, Theorem 2.1.7].

Proof of the quadratic zero-chain lower bound

The Hessian of  is positive semidefinite. For any vector ,

so  is convex and -smooth. The zero-chain property implies by induction that  for

 under the linear-span assumption.

n ≥ 1 d = 2n + 1

f(x) =
1
8
[(1 − x(1))2 +

d−1

∑
j=1

(x(j) − x(j+1))2 + (x(d))2]

1 x0 = 0

2[f(xn) − f(x∗)]

∥x0 − x∗∥2
≥

3

16(n + 1)2
.

f

0 ≤ r < d

x(r+1) = ⋯ = x(d) = 0 ⟹ (∇f(x))(j) = 0 for j ≥ r + 2.

x0 = 0

x
(j)
t = 0 j > t

x
(j)
∗ = 1 − j/(d + 1) > 0 f x(n+1) = ⋯ = x(d) = 0

f(x∗)

f z

z⊤∇2f z =
1

4
[(z(1))2 +

d−1

∑
j=1

(z(j) − z(j+1))2 + (z(d))2] ≤ ∥z∥2,

f 1 x
(j)
t = 0

j > t
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The  successive differences from  to  sum to . Cauchy–Schwarz shows that their sum of

squares is at least , attained when all differences equal . Thus

 and . Restricting to the first  coordinates leaves

only  differences, so

Finally,

3. Recent Lower Bound Breakthrough
The classical  lower bound discussed above holds for general deterministic first-order

methods [NY79]. To obtain tighter lower bounds for GD, we must therefore tailor the hard

function to the prescribed stepsize schedule. The construction in [JCY26] combines a coupled

coordinate chain with changes in gradient direction after selected steps, which are chosen

adversarially for each prescribed schedule.

3.1 Selecting the Checkpoints

To formalize this selection, fix a nonnegative schedule  and select a set of

update indices  called checkpoints. The updates between successive

checkpoints form a gap. Set , , and define

Here  is the stepsize at checkpoint , and  is the mass of the preceding gap, the sum of its

stepsizes. The final gap has mass . Figure 2 illustrates this notation.

d + 1 1 0 1
1/(d + 1) 1/(d + 1)

x
(j)
∗ = 1 − j/(d + 1) f(x∗) = 1/[8(d + 1)] n

n + 1

f(xn) ≥
1

8(n + 1)
, f(xn) − f(x∗) ≥

1

16(n + 1)
(d = 2n + 1).

∥x∗∥2 =
d(2d + 1)

6(d + 1)
≤

d + 1
3

=
2(n + 1)

3
,

2[f(xn) − f(x∗)]

∥x∗∥2
≥

3

16(n + 1)2
.

Ω(n−2)

H = (h1, … ,hn)
T = {t1 < ⋯ < tk}

t0 = 0 tk+1 = n + 1

bi := hti (1 ≤ i ≤ k), si :=
ti−1

∑
t=ti−1+1

ht (1 ≤ i ≤ k + 1). (4)

bi ti si
sk+1
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Figure 2. The selected stepsizes are . Each brace marks the sum  of the stepsizes in a

gap.

The construction in [MC26] yields an  non-anytime lower bound. For selected long

steps, the hard function in [MC26, Theorem 4.1] keeps the gradient constant during each gap

and changes it after each selected step. See also [YL26, Appendix A] for a geometric illustration

of the trajectory. The hard function in [MC26] is defined globally on all coordinates. The

construction in [JCY26, Section 2] instead couples adjacent coordinates through local hard

functions, which we also call components. This chain resembles Nesterov’s quadratic construction

and leads to the stronger  non-anytime lower bound, where

. During each gap, the current component contributes a constant

gradient, as in the construction of [MC26], while all later components remain inactive.1 For a

fixed checkpoint set, this gives the following bound.

Fact 3.1 ([JCY26, Lemma 2.3]).

For every positive schedule  and every checkpoint set ,

For , the product is one and .

Specifically, their construction uses the one-sided Huber function  defined above, joining

adjacent coordinates through

bi = hti si

Ω(n−1.932)

Ω(n− log2(1+√3))
log2(1 + √3) ≈ 1.4500

H = (h1, … ,hn) T

Rn(H) ≥
1

4(1 + sk+1)

k

∏
i=1

[
bi

2(2 + si)
]

2

. (5)

T = ∅ s1 = ∑n
t=1 ht

Hδ

F(x) :=
1
4

k

∑
i=1

Hδi(x
(i) − x(i+1) − ℓi) +

1
2
Hδk+1

(x(k+1) − ℓk+1).
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Here  is the activation threshold of component , and  is the excess above

it at the start of gap . Starting from , set  and . For this Huber

construction, the parameters are chosen recursively as , , and

 for . During gap , coordinate  never exceeds  and equals it

just before the checkpoint. The checkpoint then raises this coordinate to  and

activates component , while all later components remain inactive. Thus each factor

 in (5) is the transfer ratio . Since , their product is the final

excess . The final one-dimensional component is . Choosing

 gives a lower bound proportional to .

For a prescribed schedule , this Huber construction is available for every checkpoint set .

The checkpoints can therefore be chosen to maximize the right-hand side of (5). The recursive

argument in [JCY26, Section 3] bounds this maximum from below by ,

uniformly over schedules .

1. A component is active at an iterate if its gradient there is nonzero, and inactive otherwise.↩︎

3.2 The Bottleneck

For fixed  and , improving the local functions to give larger transfer ratios  would

further strengthen the lower bound. In general, the argument in [JCY26, Section 3 and Appendix

C] suggests a lower bound of order  when the coefficient of  in the

denominator of the transfer ratio  is . The transfer ratio  in (5) has

, whereas reducing  toward  would bring the exponent toward . During gap , the

current Huber component contributes equally to the decrease in  and the increase in .

Both changes reduce the margin , producing the coefficient  of  in the

denominator  in (5) [JCY26, Section 2].

4. Our Hard Function: Bending the Local
Trajectory
Keeping the chain structure and notation above, we seek local hard functions  for an

objective of the form

ℓi i Di := x
(i)
ti−1

− ℓi > 0

i x0 = e1 ℓ1 = 0 D1 = 1
δi = 2Di

2+si
ℓi+1 = siδi

4

Di+1 = biδi
4 1 ≤ i ≤ k i i + 1 ℓi+1

ℓi+1 + Di+1

i + 1
bi/[2(2 + si)] Di+1/Di D1 = 1

Dk+1
1
2 Hδk+1

(x(k+1) − ℓk+1)
δk+1 = Dk+1/(1 + sk+1) D2

k+1/(1 + sk+1)

H T

Ω(n− log2(1+√3))
H

H T Di+1/Di

n− log2(1+√1+c) si
Di+1/Di c bi/[2(2 + si)]

c = 2 c 1 psil i

x(i) x(i+1)

x(i) − x(i+1) − ℓi 2 si
4 + 2si

Φi

F(x) :=
1
2

k

∑
i=1

Φi(x) +
1
2

Φk+1(x).
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For , each  should depend only on  and  and be nonnegative, convex, and

-smooth. The final component  depends only on . For , we impose the

following transfer property so that only the current component  contributes to the updates of

 and  during gap  and in its checkpoint update1

The first condition keeps later components inactive while their first coordinates stay at or below

their thresholds and their second coordinates stay nonnegative. For , applying the second

condition to  gives  whenever , so the preceding component does

not affect the update of . The shaded region in Figure 3 illustrates the second condition for

. For , the iterates remain in this region during gap , including just before the

checkpoint update at .

As before, we write  for the excess above  immediately after the

checkpoint update at . Our goal is to construct  with transfer ratio

We aim to make  arbitrarily close to .

Notice that growth in  during gap  raises the threshold  needed to keep 

inactive. To leave a larger excess  after checkpoint , we limit this early growth while

ensuring a large increase at the checkpoint update. When  is sufficiently large, the trajectory in

gap  initially moves mainly in coordinate  and turns toward coordinate  before

checkpoint . We call this change in direction bending, the key new ingredient in our

construction.

More concretely, we construct the GD trajectory in gap  with gradient vectors on a circular arc.

For parameters , consider the circle centered at  with radius

, which passes through . Its intersection with the positive

horizontal axis is , where . Up to a common positive scale, we place the

gradients on the arc joining these two points, as shown on the left of Figure 3. They turn toward

 during gap . At , just before the checkpoint update, the gradient is proportional to

, so the update mainly increases  when  is small.

Given the stepsizes in gap , we construct the trajectory backward from the iterate just before

checkpoint ; see Lemma 4.2. We use the arc vectors along this trajectory, together with  and

, as slopes in a finite maximum of affine functions. After scaling and translation, the

1 ≤ i ≤ k Φi x(i) x(i+1)

1 Φk+1 x(k+1) 1 ≤ i ≤ k

Φi

x(i) x(i+1) i

Φi(x) = 0, ∇Φi(x) = 0 whenever x(i) ≤ ℓi and x(i+1) ≥ 0,

∂x(i+1)Φi(x) = 0 whenever x(i+1) ≥ ℓi+1.
(6)

i > 1
Φi−1 ∂x(i)Φi−1 = 0 x(i) ≥ ℓi

x(i)

Φi i < k i + 1
ti+1

Di+1 := x
(i+1)
ti

− ℓi+1 > 0 ℓi+1

ti Φi

Di+1

Di

≈
bi

csi
.

c 1

x(i+1) i ℓi+1 Φi+1

Di+1 ti
si

i x(i) x(i+1)

ti

i

ϵ, γ > 0 (0, γ)
R := √ϵ2 + (1 + γ)2 (ϵ, −1)

(c, 0) c = √1 + 2γ + ϵ2

(ϵ, −1) i xti−1

(ϵ, −1) x(i+1) ϵ

i

ti 0
(c, 0)
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Moreau envelope of this function gives a convex, -smooth local hard function  whose

gradient at each constructed iterate is the corresponding scaled arc vector; see Lemma 4.3 and

(10).2

Figure 3. Local gradients  (left) and a schematic GD trajectory (right). The step 

(orange) activates the next component.

1. In [JCY26, Section 2 and Appendix B.2], the preceding component  contributes

nonnegatively to the update of  for , helping keep  in its affine region with

constant gradient during gap . Such a contribution can change the gradient direction in our

construction, so we impose  whenever .↩︎

2. A similar use of Moreau envelopes to realize a prescribed GD trajectory appears in [MC26,

Section 4.3].↩︎

The Improved Hard-Function Bound.

Our local hard functions will give the transfer ratio , where 

depends only on . To leave positive excess, we use checkpoints with , which we call

admissible. A checkpoint set is admissible if all its checkpoints are admissible. The construction

below gives the following lower bound for every admissible checkpoint set.

1 Φi

∇Φi(xt) hti

Φi−1

x(i) i > 1 Φi

i

∂x(i+1)Φi(x) = 0 x(i+1) ≥ ℓi+1

Di+1/Di = (bi − 2)/[c(a + si)] a

ϵ, γ bi > 2

14



Lemma 4.1 (Lower bound for a checkpoint set).

Fix  and let  and . For every

nonnegative schedule  and admissible checkpoint set ,

where .

We prove this lemma in three steps: constructing the gap trajectory in Section 4.1, realizing it

with a local hard function in Section 4.2, and combining the local functions into a global

objective in Section 4.3.

4.1 Constructing the Gap Trajectory

Using the parameters  from Lemma 4.1, we first construct a two-dimensional gap

trajectory. After scaling and translation, this will give the GD trajectory generated by the local

hard function  during gap . We choose the gradient vectors on a circular arc with center

 and radius . Let  be the convex hull of the origin and the shorter arc joining  to

. Lemma 4.2 constructs points  backward from  so that ,

where  is the Euclidean projection of  onto . Each update has the form of a GD

step with stepsize  and gradient . The projection condition later lets us realize the scaled

vectors as gradients of a convex, -smooth function .

ϵ, γ > 0 c := √1 + 2γ + ϵ2 R := √ϵ2 + (1 + γ)2

H = (h1, … ,hn) T

Rn(H) ≥
1

4(1 + sk+1)

k

∏
i=1

[
bi − 2

c(a + si)
]

2

, (7)

a = max{2, 2
c
(ϵ + ϵ−1[ c(1+γ+R)

ϵ(γ+R)
]R/γ)}

ϵ, γ, c,R

Φi i

(0, γ) R K (c, 0)
(ϵ, −1) rj (ϵ, −1) rj = rj−1 − αjvj−1

vj = ΠK(rj) rj K

αj vj−1

1 Φi

15



Lemma 4.2 (Gap trajectory).

For every  and nonnegative numbers , there exist points 

and arc vectors  satisfying

With , the initial point has the form

Here  is the decrease in the first coordinate and  is the increase in the second from  to .

When defining , we scale and translate these two coordinates to  and . The same 

in  will appear in the denominator  of the transfer ratio .

Proof of Lemma 4.2

We first construct the gap iterates backward, then verify the projection identity 

and bound the displacements  and .

Step 1. Constructing the gap trajectory.

Set

The vectors  lie on the circle of radius  centered at , and

Let

m ≥ 0 α1, … ,αm r0, … , rm
v0, … , vm

rm = vm = (ϵ, −1), rj = rj−1 − αjvj−1 (1 ≤ j ≤ m), vj = ΠK(rj) (0 ≤ j ≤ m).

S := ∑m
j=1 αj

r0 = (ϵ + P , −1 − Q), 0 ≤ P ≤ cS, 0 ≤ Q ≤ [
c(1 + γ + R)

ϵ(γ + R)
]
R/γ

− 1.

P Q r0 rm
Φi x(i) x(i+1) c

P ≤ cS c(a + si) Di+1/Di

vj = ΠK(rj)
P Q

v(q) := (p(q), −q), p(q) := √R2 − (q + γ)2, 0 ≤ q ≤ 1. (21)

v(q) R (0, γ)

v(0) = (c, 0), v(1) = (ϵ, −1), ϵ ≤ p(q) ≤ c,
q

p(q)
≤

1

ϵ
. (22)

K := conv({0} ∪ {v(q) : 0 ≤ q ≤ 1}).
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The set  lies in the closed disk centered at  with radius , and every  satisfies

. Fix stepsizes  and set . Write  and

 for . Start with . For ,

define

If , choose . Otherwise, choose

In both cases, set , so

Geometrically, when , we choose  where the ray from  through

 meets the circle, as shown in Figure 4. If the ray passes at or above the corner

, we choose the corner instead.

K (0, γ) R w ∈ K

w(1) ≤ c α1, … ,αm ≥ 0 S = ∑m
j=1 αj rj = (uj, −wj)

vj = (pj, −qj) 0 ≤ j ≤ m rm = vm = (ϵ, −1) j = m,m − 1, … , 1

Δj := wj + γ − αjγ.

Δj ≤ ujγ/c vj−1 = (pj−1, −qj−1) := (c, 0)

dj := √u2
j + Δ2

j , qj−1 :=
RΔj

dj
− γ, pj−1 := p(qj−1) =

Ruj

dj
. (23)

rj−1 := rj + αjvj−1

uj−1 = uj + αjpj−1, wj−1 = wj + αjqj−1.

Δj > ujγ/c vj−1 (0, γ)
rj + αj(0, γ)
(c, 0)

17



Figure 4. The backward construction in (23). Pale green denotes , and green dashed arrows

show  and . The purple triangles are similar, with scale factor .

Step 2. Verifying the projection identity.

We prove by backward induction that, for ,

The statements in (24) hold at . Assume they hold at . We first check that

the chosen vector lies on the arc and that the coordinate bounds hold at . If ,

then

K

vj = ΠK(rj) vj−1 = ΠK(rj−1) αj

0 ≤ j ≤ m

vj = ΠK(rj), uj ≥ ϵ, wj ≥ 1,
wj

uj

≤
1

ϵ
. (24)

rm = vm = (ϵ, −1) rj

rj−1 Δj > ujγ/c

γ

c
<

Δj

uj
≤

wj + γ

uj
≤

1 + γ

ϵ
.

18



By (23), . The map  is

increasing and takes the values  and  at  and , respectively. Hence

. If , then . In both cases,  and 

, giving  and . The inductive ratio bound and (22) also give

It remains to verify the projection. For , the identity  is equivalent to

 for every . If , we show that  points along

the outward radius at . By (23),

Substituting this into  gives

The reverse triangle inequality and the coordinate bounds give

Thus the coefficient in (25) is nonnegative, since

Because  lies inside the disk, every  satisfies

This proves .

If , then  and . Rearranging this condition gives

qj−1 = R(Δj/uj)/√1 + (Δj/uj)2 − γ s ↦ Rs/√1 + s2 − γ

0 1 s = γ/c s = (1 + γ)/ϵ
qj−1 ∈ (0, 1] Δj ≤ ujγ/c (pj−1, qj−1) = (c, 0) pj−1 ≥ ϵ qj−1 ≥ 0

uj−1 ≥ ϵ wj−1 ≥ 1

wj−1 = wj + αjqj−1 ≤
uj + αjpj−1

ϵ
=

uj−1

ϵ
.

v ∈ K v = ΠK(r)
⟨r − v,w − v⟩ ≤ 0 w ∈ K Δj > ujγ/c rj−1 − vj−1

vj−1

rj + αj(0, γ) − (0, γ) = (uj, −Δj) =
dj

R
(vj−1 − (0, γ)).

rj−1 = rj + αjvj−1

rj−1 − vj−1 = (
dj

R
+ αj − 1)(vj−1 − (0, γ)). (25)

dj ≥ √u2
j + (wj + γ)2 − αjγ ≥ R − αjγ.

dj

R
+ αj − 1 ≥ αj (1 −

γ

R
) ≥ 0.

K w ∈ K

⟨vj−1 − (0, γ),w − vj−1⟩ ≤ R∥w − (0, γ)∥ − R2 ≤ 0.

vj−1 = ΠK(rj−1)

Δj ≤ ujγ/c vj−1 = (c, 0) wj−1 = wj
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For , we have  and , since  is the outward

radius at . Hence

By (26), , completing the induction.

Step 3. Bounding  and .

We first identify the indices at which . If  and , the choice

 gives  and . Hence

Thus the backward recursion also chooses . Repeating this argument shows that

once  is chosen, all earlier gradient vectors equal . Thus there is an index

 such that, for ,

where  if the strict inequality never holds.

The coordinate recurrences give

Since , we have . To bound  independently of , use  for 

and  from (22). These give

uj−1 − c = uj + αjc − c ≥
cwj

γ
.

w ∈ K w(1) ≤ c ⟨(c, −γ),w − (c, 0)⟩ ≤ 0 (c, −γ)
(c, 0)

⟨rj−1 − (c, 0),w − (c, 0)⟩ = (uj−1 − c)(w(1) − c) − wjw
(2)

≤
wj

γ
⟨(c, −γ),w − (c, 0)⟩ ≤ 0.

(26)

vj−1 = ΠK(rj−1)

P Q

qj−1 = 0 Δj ≤ ujγ/c j ≥ 2
vj−1 = (c, 0) wj−1 = wj uj−1 = uj + αjc

Δj−1 = wj−1 + γ − αj−1γ ≤ wj + γ ≤
ujγ

c
+ αjγ =

uj−1γ

c
.

vj−2 = (c, 0)
(c, 0) (c, 0)

j⋆ ∈ {0, … ,m} 1 ≤ j ≤ m

Δj >
ujγ

c
⟺ j⋆ < j ≤ m, (27)

j⋆ = m

P =
m

∑
j=1

αjpj−1, Q =
m

∑
j=1

αjqj−1.

pj−1 ≤ c P ≤ cS Q S qj−1 = 0 j ≤ j⋆

qj−1 ≤ pj−1/ϵ
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The last equality follows from  and . It therefore suffices to bound

.

Set , the magnitude of the slope from the circle center  to

. For , the recurrence and (23) give

so

Thus the change in slope determines the increase in  under the backward recursion,

To obtain an inequality that telescopes when multiplied over , set . Its

derivative satisfies , which matches the denominator in (28).

Convexity of  gives

Since  and , Bernoulli’s inequality gives

0 ≤ Q =
m

∑
j=j⋆+1

αjqj−1 ≤
1

ϵ

m

∑
j=j⋆+1

αjpj−1 =
uj⋆

ϵ
− 1.

αjpj−1 = uj−1 − uj um = ϵ

uj⋆/ϵ

σj := (wj + γ)/uj (0, γ)
rj = (uj, −wj) j⋆ < j ≤ m

(uj−1,wj−1 + γ) = (1 +
αjR

dj
)(uj, Δj),

σj−1 =
Δj

uj

= σj −
αjγ

uj

, pj−1 =
R

√1 + σ2
j−1

.

uj

uj−1

uj

= 1 +
αj

uj

pj−1 = 1 +
R

γ

σj − σj−1

√1 + σ2
j−1

. (28)

j A(σ) := σ + √1 + σ2

A′(σ)/A(σ) = 1/√1 + σ2

A

A(σj)

A(σj−1)
≥ 1 +

σj − σj−1

√1 + σ2
j−1

.

σj ≥ σj−1 R/γ > 1

uj−1

uj

≤ 1 +
σj − σj−1

√1 + σ2
j−1

R/γ

≤ (
A(σj)

A(σj−1)
)

R/γ

.
⎛⎜⎝ ⎞⎟⎠ (29)
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Multiplying (29) over  cancels all intermediate terms, leaving

Here  and . If , then  by (27); if

, then . Since  is increasing,

Combining these estimates yields

□

4.2 Constructing the Local Hard Function

For gap stepsizes , we apply Lemma 4.2 with , then scale and translate its

points so that the trajectory starts at . We then construct a nonnegative convex, -smooth

function  such that GD on  follows the scaled points. The following lemma ensures the

transfer property (6) and gives the excess after the checkpoint update.

j = j⋆ + 1, … ,m

uj⋆

ϵ
≤ [

A(σm)

A(σj⋆)
]
R/γ

.

um = ϵ σm = (1 + γ)/ϵ j⋆ < m σj⋆
= Δj⋆+1/uj⋆+1 > γ/c

j⋆ = m σj⋆ = σm ≥ γ/c A

A(σm) =
1 + γ + R

ϵ
, A(σj⋆) ≥ A(γ/c) =

γ + R

c
.

0 ≤ Q ≤
uj⋆

ϵ
− 1 ≤ H0 := [

c(1 + γ + R)

ϵ(γ + R)
]
R/γ

− 1. (30)

h1, … ,hm αj = hj/2
(1, 0) 1

f f/2
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Lemma 4.3 (Local hard function).

Let , , , and . There exist a nonnegative convex

-smooth function  and a threshold  satisfying

Starting from , GD on  with stepsizes  satisfies

where  is defined in Lemma 4.1.

During the gap, the second coordinate stays below . The checkpoint update leaves excess

, which becomes the transfer ratio  in the chain.

Moreau envelopes and proof of Lemma 4.3

We use the following properties of Moreau envelopes in the proof of Lemma 4.3.

m ≥ 0 h1, … ,hm ≥ 0 s = ∑m
j=1 hj b > 2

1 f : R
2 → R τ > 0

f(x, y) = 0 (x ≤ 0,  y ≥ 0), ∂2f(x, y) = 0 (x ∈ R,  y ≥ τ). (8)

(x0, y0) = (1, 0) f/2 h1, … ,hm, b

xj > 0, 0 ≤ yj ≤ ym = τ −
2

c(a + s)
(0 ≤ j ≤ m),

ym+1 = τ +
b − 2

c(a + s)
,

a

τ
b−2

c(a+s) Di+1/Di
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Fact 4.4 (Moreau envelopes).

Let  be proper, closed, and convex. Its Moreau envelope with

parameter  and its proximal map are

The function  is finite, convex, and continuously differentiable, and its gradient is 

-Lipschitz and satisfies [Mor65, Propositions 5.b, 7.b, and

7.d].

Moreover, if  is nonempty, closed, and convex and  is

its support function, then

where  denotes Euclidean projection onto . If , then  and the two

functions have the same zero set. For background, see [RW98, Sections 1.G and 2.D]

and [PB14, Sections 3.1 and 6.4.2].

Proof of Lemma 4.3

Apply Lemma 4.2 with , so . Using  defined in (30), set

The resulting initial point and displacements satisfy

Step 1. Defining the local hard function.

Set  and . Then the scaled trajectory  starts at

. Let  and define

g : R
d → (−∞, +∞]

1

env1 g(x) := min
y∈Rd

{g(y) +
1

2
∥x − y∥2}, proxg(x) := arg min

y∈Rd

{g(y) +
1

2
∥x − y∥2}.

env1 g 1
∇ env1 g(x) = x − proxg(x)

K ⊂ Rd σK(x) := supv∈K⟨v,x⟩

∇ env1 σK(x) = ΠK(x),

ΠK K g ≥ 0 env1 g ≥ 0

αj = hj/2 S = s/2 H0

C0 := ϵ +
H0 + 1

ϵ
.

r0 = (ϵ + P , −1 − Q), ϵ + P +
1 + Q

ϵ
≤

cs

2
+ C0. (31)

ρ = 1/[c(a + s)] z∘ = (1, 0) − 2ρr0 z∘ + 2ρrj
(1, 0) V = {(0, 0), v0, … , vm, (c, 0)}
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Since , we have , so Fact 4.4 shows that  is nonnegative, convex, and -smooth. Let

. Since , we also have . Also,

. The projection formula in Fact 4.4 gives  and

hence

Write  for the scaled and translated points. Since

, (33) shows that GD on  with stepsizes  visits 

for . Their first coordinate is nonincreasing and at least

and their second coordinate is nondecreasing from  to .

Step 2. Verifying the zero region of  and .

We next verify (8), which gives the transfer property of  after the scaling and translation in

(10). For , we have  and . The definition of  in Lemma 4.1

gives , so (31) implies

When  and , we also have , so every affine piece

 of  is nonpositive. Thus  in this region, and Fact 4.4 gives  there.

Since , its gradient is also zero there.

Set , so  for . For every

, the point  also belongs to , since  and

. If  with  and , then

ϕ(z) := 2ρmax
v∈V

⟨v, z − z∘⟩, f := env1 ϕ. (32)

0 ∈ V ϕ ≥ 0 f 1
KV = conv(V) vj = ΠK(rj) ∈ KV ⊆ K ΠKV

(rj) = vj

ϕ(z) = σ2ρKV
(z − z∘) ∇f(z) = Π2ρKV

(z − z∘)

∇f(z∘ + 2ρrj) = 2ρvj (0 ≤ j ≤ m). (33)

(xj, yj) := z∘ + 2ρrj
rj = rj−1 − (hj/2)vj−1 f/2 h1, … ,hm (xj, yj)

0 ≤ j ≤ m

1 − 2ρP ≥ 1 −
s

a + s
> 0,

0 2ρQ

f ∂2f

Φi

v = (p, −q) ∈ V p, q ≥ 0 q ≤ p/ϵ a

ca ≥ 2C0

⟨v, −z∘⟩ = −p + 2ρ[p(ϵ + P) + q(1 + Q)] ≤ −p + ρp(cs + 2C0) ≤ 0.

z1 ≤ 0 z2 ≥ 0 ⟨v, z⟩ = pz1 − qz2 ≤ 0
2ρ⟨v, z − z∘⟩ ϕ ϕ = 0 f = 0

f ≥ 0

τ = z
(2)
∘ = 2ρ(Q + 1) > 0 0 ≤ yj ≤ 2ρQ = τ − 2ρ 0 ≤ j ≤ m

(w1, −w2) ∈ 2ρKV (w1, 0) 2ρKV 0 ≤ w1 ≤ 2ρc
[0, 2ρc] × {0} ⊂ 2ρKV z = (x, y) y ≥ τ w2 > 0

∥z − z∘ − (w1, −w2)∥2 − ∥z − z∘ − (w1, 0)∥2 = 2(y − τ)w2 + w2
2 > 0.
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Thus any point of  with negative second coordinate is farther from  than a point

with second coordinate zero. The projection, and hence , must have second

coordinate zero, proving

Step 3. The checkpoint update.

Just before the checkpoint update,

The step of size  on  gives

The second coordinate therefore exceeds  by .

□

4.3 Constructing the Global Hard Function

We now combine the local hard functions along the coordinate chain.

For gap , apply Lemma 4.3 to  and the checkpoint stepsize . Write  for

the resulting function and threshold. Set

Define the local hard function

2ρKV z − z∘

∇f(x, y)

∂2f(x, y) = 0 (x ∈ R,  y ≥ τ). (34)

(xm, ym) = z∘ + 2ρrm = (1 − 2ρP , τ − 2ρ), ∇(f/2)(xm, ym) = ρ(ϵ, −1).

b f/2

ym+1 = ym + bρ = τ + ρ(b − 2).

τ ρ(b − 2) > 0

i hti−1+1, … ,hti−1 bi fi, τi

D1 := 1, ℓ1 := 0, Di+1 := Di

bi − 2

c(a + si)
, ℓi+1 := Diτi (1 ≤ i ≤ k). (9)

Φi(x) := D2
i fi(

x(i) − ℓi
Di

,
x(i+1)

Di

). (10)
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Thus the local initial point  corresponds to  in the chain. Under the scaling in

(10), a GD step on  becomes a step of the same size on  in the local coordinates

. The two conditions in (8) give the transfer property (6), since a

nonnegative differentiable function has zero gradient wherever its value is zero. Set

 and define the final component by . The

full objective is

The final Huber term also has zero gradient when . Each component is -smooth

and each coordinate appears in at most two terms, so  is -smooth (see the smoothness and

final-value calculation).

For gap , set  and let  be the GD iterates on  given by Lemma

4.3. Starting from the initial point , we verify by induction over the gaps and their updates

that, for , all coordinates of  beyond  are zero and

In each gap, we check the coordinate bounds needed to apply the transfer property (6) to the

preceding and later components. Suppose gap  starts with  and all later

coordinates zero, as holds for . By Lemma 4.3,  and  for

.

Before an update with , suppose (12) holds and all coordinates beyond  are

zero. The second condition in (6), applied to , then gives  when . Since

 and all coordinates beyond  are zero, the first condition in (6) and the

analogous property of the final Huber term keep the next and all later components inactive.

Thus only  contributes to the updates of  and , and no component changes the

coordinates beyond . By the scaling in (10), the next GD step gives (12) at  and leaves

all coordinates beyond  zero. Induction over the updates, including the checkpoint update,

gives (12) at . By Lemma 4.3 and (9),

with all coordinates beyond  still zero. This is the starting state for gap .

(1, 0) (ℓi + Di, 0)
Φi/2 fi/2

((x(i) − ℓi)/Di, x
(i+1)/Di)

δ = Dk+1/(1 + sk+1) Φk+1(x) := Hδ(x(k+1) − ℓk+1)

F(x) :=
1
2

k

∑
i=1

Φi(x) +
1
2

Φk+1(x). (11)

x(k+1) ≤ ℓk+1 1
F 1

i m = ti − ti−1 − 1 (xj, yj) fi/2
e1

0 ≤ j ≤ m + 1 xti−1+j i + 1

(x(i)
ti−1+j,x

(i+1)
ti−1+j) = (ℓi + Dixj,Diyj). (12)

i x(i) = ℓi + Di

i = 1 ℓi + Dixj > ℓi 0 ≤ Diyj < ℓi+1

0 ≤ j ≤ m

0 ≤ j ≤ m i + 1
Φi−1 ∂x(i)Φi−1 = 0 i > 1

x(i+1) < ℓi+1 i + 1

Φi x(i) x(i+1)

i + 1 j + 1
i + 1

j = m + 1

x
(i+1)
ti

= Diym+1 = Diτi + Di

bi − 2

c(a + si)
= ℓi+1 + Di+1,

i + 1 i + 1
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At , the last coordinate has excess  above . During the remaining steps it stays

above this threshold, so the preceding component contributes zero to its update when .

Since all other components are nonnegative, the final Huber calculation gives

Since  and the origin minimizes , the initial distance is . The normalization in (1) gives

, which proves Lemma 4.1.

□

Smoothness and the final function value

For the objective  in (11), nonnegativity and (8) give , since every .

For , the component smoothness inequalities give

Each coordinate appears at most twice in the bracketed sum, so  is -smooth.

For the final function value, use  as chosen in Section 4. For ,

if , the Huber term is affine and the transfer property (6) gives

 when . Thus the last coordinate decreases by . Starting from

, induction shows that the final iterates remain in this affine region

and satisfy

All other components are nonnegative, so

xtk Dk+1 ℓk+1

k > 0

F(xn) − minF ≥
D2

k+1

4(1 + sk+1)
=

1

4(1 + sk+1)

k

∏
i=1

[
bi − 2

c(a + si)
]

2

.

x0 = e1 F 1
Rn(H) ≥ 2F(xn)

F F(0) = minF = 0 ℓi ≥ 0
d = y − x

F(y) ≤ F(x) + ⟨∇F(x), d⟩+
1
4
[

k

∑
i=1

((d(i))2 + (d(i+1))2) + (d(k+1))2]

≤ F(x) + ⟨∇F(x), d⟩+
1
2

∥d∥2.

F 1

δ = Dk+1/(1 + sk+1) tk ≤ t < n

x
(k+1)
t − ℓk+1 ≥ δ

∂x(k+1)Φk(xt) = 0 k > 0 ht+1δ/2

x
(k+1)
tk

− ℓk+1 = Dk+1 ≥ δ

x
(k+1)
t − ℓk+1 = Dk+1 −

δ

2

t

∑
t′=tk+1

ht′

≥ Dk+1 −
δsk+1

2
= δ(1 +

sk+1

2
) ≥ δ (tk ≤ t ≤ n).
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The same calculation includes , with  and .

5. Proving (Almost) Tight Lower Bounds
It remains to choose checkpoints that make (7) give a uniform lower bound over all schedules.

Following [JCY26, Section 3 and Appendix C], we derive a checkpoint cost from (7) and minimize

it over admissible checkpoint sets for each schedule. The structure of a schedule that maximizes

this minimum allows us to split at a checkpoint and apply induction to the two shorter

sequences. The resulting recursion gives an  lower bound for every  by taking 

sufficiently close to . The explicit constant  in Lemma 4.1 tends to infinity as . Balancing

this growth against the improvement in  gives Theorem 1.1, as shown in Section 5.1.

For the anytime result, bounded stepsizes already give an  Huber lower bound.

Otherwise, we examine horizons at which the last stepsize exceeds all earlier ones,

following [TFZH26, Section 4.1] and [JCY26, Section 4]. The Huber bound is strong when the total

stepsize is small, while selecting a large last step as a checkpoint gives a complementary bound

from (7). Together with the estimate on the total stepsize at these horizons in Lemma 5.6, these

two bounds yield  infinitely often. Choosing  to approach  as the horizon

grows yields Theorem 1.2; see Section 5.2.

5.1 Proofs for the Non-anytime Lower Bound

With these preparations in hand, we now prove Theorem 1.1. We first give a high-level overview

of the argument. For a fixed stepsize schedule , each admissible checkpoint set gives a hard

function through Lemma 4.1, and we choose checkpoints to make the resulting lower bound as

large as possible. We seek a lower bound on this maximum that holds for every schedule .

Fix  and , set , and take  as in Lemma 4.1. For a

schedule  and an admissible checkpoint set  (so  at every

checkpoint), choose a parameter  and, following [JCY26, Section 3 and Appendix C], define the

checkpoint cost by

F(xn) ≥
1
2
[δ(Dk+1 −

δsk+1

2
) −

δ2

2
] =

D2
k+1

4(1 + sk+1)
.

k = 0 t0 = ℓ1 = 0 D1 = 1

Ω(n−p) p > psil c

1 a c ↓ 1
p

Ω(n−1)

Ω(n−2p/(1+p)) p psil

H

H

0 < ϵ < 1/2 γ > 0 c := √1 + 2γ + ϵ2 a

H = (h1, … ,hn) T bi > 2
Λ

QΛ(T ;H) := c(Λ + sk+1)
k

∏
i=1

c(a + si)

bi − 2
, Λ ≥ a. (13)
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Here  replaces the constant  in the factor for the gap after the last checkpoint. The lower

bound (7) implies

Proof of the checkpoint-cost lower bound

Applying the transfer bound (7) to  gives

Finally, the inequality

with  proves the claim.

For fixed  and , maximizing the right-hand side of (14) is equivalent to minimizing 

over checkpoint sets. We therefore define

A checkpoint set attaining  is called tight. For fixed , this minimum admits the following

recursive decomposition.

Λ a

Rn(H) ≥
c2(Λ − 1)

QΛ(T ;H)2
. (14)

T

Rn(H) ≥
1

4(1 + sk+1)

k

∏
i=1

[
bi − 2

c(a + si)
]

2

=
c2(Λ + sk+1)2

4(1 + sk+1)QΛ(T ;H)2
.

(Λ + s)2 − 4(Λ − 1)(1 + s) = (s − Λ + 2)2 ≥ 0

s = sk+1

H Λ QΛ(T ;H)

VΛ(H) := min
T  admissible

QΛ(T ;H).

VΛ(H) H
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Lemma 5.1.

For every , , and ,

Here , , and the inner minimum is  if there is no

admissible checkpoint.

Proof.

For an admissible checkpoint set  and , let  and  be the selected indices before

and after , reindexed within the two subsequences. Then

Minimizing over  and  accounts for every nonempty checkpoint set. Including the empty

set gives (15).

□

To make the lower bound uniform over schedules of length , define

Since , we have

Thus it suffices to bound  from above. We call a schedule attaining  a maximizing

schedule.

H ∈ [0, ∞)n n ≥ 1 Λ ≥ a

VΛ(H) = min c(Λ +
n

∑
j=1

hj), min
Va(H1:t−1)VΛ(Ht+1:n)

ht − 2
.

⎧
⎨
⎩ 1≤t≤n

t admissible

⎫
⎬
⎭

(15)

Hi:j := (hi, … ,hj) Vμ(∅) = cμ +∞

T t ∈ T TL TR

t

QΛ(T ;H) =
Qa(TL;H1:t−1)QΛ(TR;Ht+1:n)

ht − 2
.

TL,TR t

n

Un(Λ) := sup
H∈[0,∞)n

VΛ(H).

VΛ(H) ≤ Un(Λ)

Rn(H) ≥
c2(Λ − 1)

VΛ(H)2
≥

c2(Λ − 1)

Un(Λ)2
.

Un(Λ) Un(Λ)
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Lemma 5.2 shows that, for every maximizing schedule, there exists a tight singleton checkpoint

set. This structure lets us turn the recursive formula for  in Lemma 5.1 into recursive

bounds on , which is the key step in the proof.

Lemma 5.2 (Maximizing schedules).

For every  and , the supremum defining  is finite and attained. At

every maximizing schedule, the empty set and a singleton are tight.

Log-submodularity and proof of Lemma 5.2

Notation.

We use the constants and conventions from Section 5.1, with , 

,  as in Lemma 4.1, and . For an empty subsequence, set . A minimum over

no indices is . An inadmissible checkpoint set has .

The recursion (15) describes  for a fixed schedule , whereas we need to bound its

largest possible value  over all schedules of length . Lemma 5.2 gives a maximizing

schedule  at which both the empty set and a singleton  are tight. Splitting at  gives

. The two numerator factors concern shorter

schedules and are bounded by  and . Together with tightness of the empty

set, these bounds let us apply induction on , as carried out in the proof of Lemma 5.4.

To prove the lemma, we first show that  is submodular in the checkpoint set ,

following [JCY26, Lemma C.2].

Lemma 5.3 (Log-submodularity).

For any schedule  and any two admissible checkpoint sets ,

If  and  are disjoint and nonempty, the inequality is strict. Consequently, tight sets are

closed under unions and intersections, and two nonempty tight sets cannot be disjoint.

Proof.

Inserting a checkpoint. Insert a checkpoint of stepsize  into a gap, and let  be the

sums of stepsizes before and after it within that gap, respectively. Put

VΛ(H)
Un(Λ)

n ≥ 1 Λ ≥ a Un(Λ)

0 < ϵ < 1/2 c = √1 + 2γ + ϵ2

a Λ ≥ a Vμ(∅) = cμ

+∞ QΛ(T ;H) = +∞

VΛ(H) H

Un(Λ) n

H {t∗} t∗

Un(Λ) = Va(H1:t∗−1)VΛ(Ht∗+1:n)/(ht∗
− 2)

Ut∗−1(a) Un−t∗(Λ)
n

logQΛ(T ;H) T

H ∈ [0, ∞)n S,T

QΛ(S;H)QΛ(T ;H) ≥ QΛ(S ∩ T ;H)QΛ(S ∪ T ;H). (35)

S T

b > 2 ℓ, r ≥ 0
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Before insertion, this gap contributes  to . After insertion, it contributes

, so the cost is multiplied by

Its logarithmic derivatives with respect to  and  are  and

, respectively. Both are positive because  and , so the ratio

is strictly increasing in both variables.

Comparing checkpoint sets. Insert the checkpoints in , one at a time in the same order, into

 and into . At each insertion, the set built from  contains the set built from . Its

gap containing the new checkpoint therefore starts no earlier and ends no later, so its values of

 and  are no larger. If this gap ends at a checkpoint while the corresponding gap for the set

built from  is final, the constant in  also decreases from  to . Multiplying the

insertion ratios gives

which proves (35). If  and  are disjoint and nonempty, the first step inserts the same

checkpoint into the empty set and into . Since every checkpoint already in  has stepsize

greater than , at least one of  and  is strictly smaller when inserting into . The first

comparison, and hence the final inequality, is therefore strict.

Finally, suppose that  and  are tight, so both attain . Every checkpoint set has

value at least , and (35) gives

Both factors in the middle must therefore equal , so  and  are tight.1 If  and 

were nonempty and disjoint, the first inequality would be strict, giving , a

contradiction.

□

K := {
a + r, if the gap ends at an existing checkpoint,
Λ + r, if it is the final gap.

c(ℓ + b + K) QΛ

c(a + ℓ)cK/(b − 2)

c(a + ℓ)K

(b − 2)(ℓ + b + K)
.

ℓ K 1/(a + ℓ) − 1/(ℓ + b + K)
1/K − 1/(ℓ + b + K) b > 2 K ≥ a

S ∖ T

S ∩ T T T S ∩ T

ℓ K

S ∩ T K Λ a ≤ Λ

QΛ(S;H)

QΛ(S ∩ T ;H)
≥

QΛ(S ∪ T ;H)

QΛ(T ;H)
,

S T

T T

2 ℓ K T

S T V := VΛ(H)
V

V 2 ≥ QΛ(S ∩ T ;H)QΛ(S ∪ T ;H) ≥ V 2.

V S ∩ T S ∪ T S T

V 2 > V 2
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We now prove Lemma 5.2. After establishing existence of a maximizing schedule, we show that

it has a nonempty tight checkpoint set. By Lemma 5.3, the intersection of all such sets is again

nonempty and tight. We then perturb the stepsizes at checkpoints in this intersection to show

that it contains only one checkpoint, following [JCY26, Appendix C.6].

Proof of Lemma 5.2

Appending zero steps does not change , so  whenever .

Step 1. Finiteness of .

We induct on , starting from . For an arbitrary schedule , let . If

, the empty checkpoint set gives

If , choose an index  with  and split at  in (15). Using the empty set on

the left, , and , we obtain

Both bounds are independent of , and  is finite by the induction hypothesis. Thus

 is finite.

Step 2. Existence of a maximizing schedule.

We first show that  is continuous on . For a fixed checkpoint set , its cost is

continuous wherever all selected stepsizes exceed . Near a finite schedule with a selected

stepsize equal to , its cost tends to  along admissible schedules, since the numerator

factors stay positive while a denominator factor tends to zero. Such a set cannot minimize the

cost nearby, because the empty-set cost  stays bounded. A set with a selected

stepsize below  remains inadmissible in a neighborhood. Thus, near any fixed schedule,  is

the minimum of the finitely many continuous costs of sets admissible at that schedule, proving

continuity.

Choose schedules  such that . We show that this sequence is

bounded. Otherwise, pass to a subsequence along which every coordinate has a finite or infinite

limit and at least one tends to . Let  be the first coordinate tending to , so the

preceding coordinates stay bounded. For all sufficiently large , splitting at  as in Step 1 gives

VΛ Um(Λ) ≤ Uj(Λ) m ≤ j

Un(Λ)

n U0(Λ) = cΛ H M = maxt ht

M ≤ 2a + 4

VΛ(H) ≤ c[Λ + n(2a + 4)].

M > 2a + 4 j hj = M j

M − 2 ≥ M/2 a < M

VΛ(H) ≤
c(a + ∑t<j ht)

M − 2
Un−j(Λ) ≤ 2cnUn−1(Λ).

H Un−1(Λ)
Un(Λ)

VΛ [0, ∞)n T

2
2 +∞

c(Λ + ∑
t
ht)

2 VΛ

H (k) VΛ(H (k)) → Un(Λ)

+∞ j +∞
k j
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This contradicts . Hence a subsequence

converges to some , and continuity gives .

Step 3. Tightness of the empty set.

Fix a maximizing schedule , and write . The remaining argument uses

the following observation. If a perturbation strictly increased the cost of every tight set, all other

costs would remain above  for sufficiently small perturbations, by the continuity and

divergence arguments in Step 2. Since there are finitely many checkpoint sets, their new

minimum would then exceed , a contradiction.

Suppose that the empty set were not tight. By Lemma 5.3, the intersection of all tight sets is

tight, and hence nonempty. Choose an index  in this intersection and slightly decrease ,

keeping . Every tight set selects , so its cost depends on  only through the factor

 and strictly increases. The observation above gives a contradiction, proving that the

empty set is tight.

Step 4. Existence of a tight singleton.

There must also be a nonempty tight set. Otherwise, increasing any step slightly would increase

the only tight cost, that of the empty set, contradicting the observation in Step 3.

Following [JCY26, Appendix C.6], let  be the intersection of all nonempty tight sets. By Lemma

5.3, the intersection of two nonempty tight sets is nonempty and tight, so the same holds for 

. Suppose that  contains distinct indices , and put  and , with 

. If , choose  and replace  by  for sufficiently small

. If , replace them by . In both cases, the sum increases

and the product decreases. The empty-set cost therefore increases. Every nonempty tight set

selects both  and , so its cost depends on these stepsizes only through  and also

increases. This contradicts the observation in Step 3. Thus  is a tight singleton.

□

1. Closure under unions and intersections is a standard property of submodular

minimizers [Top78], applied here to .↩︎

For a tight singleton  at a maximizing schedule, write  and let  be the

empty-set costs of the left and right subproblems. With , equality of the empty-set

and singleton costs gives

VΛ(H (k)) ≤
c(a + ∑t<j h

(k)
t )

h
(k)
j

− 2
Un−j(Λ)⟶ 0.

VΛ(H (k)) → Un(Λ) ≥ VΛ(0, … , 0) = cΛ > 0
H̄ ∈ [0, ∞)n VΛ(H̄) = Un(Λ)

H V := VΛ(H) = Un(Λ)

V

V = Un(Λ)

j hj

hj > 2 j hj

1/(hj − 2)

T∗

T∗

T∗ i, j u = hi − 2 v = hj − 2 u ≤ v

u < v 1 < θ < v/u (u, v) (u − t, v + θt)
t > 0 u = v (u − t,u + t + t2/(2u))

i j 1/(uv)
T∗

logQΛ(⋅;H)

{t∗} cW = Un(Λ) cx, cy
B = ht∗

− 2
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To see heuristically how these identities give rise to the silver exponent, consider a balanced

split . Neglect the fixed term  in (16), eliminating  gives

Combining two equal subproblems therefore multiplies the cost by . This suggests

growth of order , where , tending to  as .1

A rigorous argument in the proof of Lemma 5.4 based on (16) gives the following bound on

.

Lemma 5.4.

Let , , and . Then, for every  and ,

A scalar inequality and proof of Lemma 5.4

We first prove the following scalar inequality, which will be used in the inductive proof of

Lemma 5.4.

Lemma 5.5.

Let , , and . If  and  satisfy (16),

i.e.

then .

W = x + y + B − (a − 2), WB = cxy. (16)

x = y a − 2 B

W 2 − 2xW − cx2 = 0, W = (1 + √1 + c)x.

1 + √1 + c

np(c) p(c) = log2(1 + √1 + c) psil c ↓ 1

Un(Λ)

1 < c ≤ 2 p ∈ [psil + c − 1, 3/2] ν = 1/p n ≥ 0 Λ ≥ a

[
Un(Λ)

c
]
ν

≤ aνn + Λν. (17)

1 < c ≤ 2 p ∈ [psil + c − 1, 3/2] ν = 1/p x, y ≥ a B > 0

W = x + y + B − (a − 2), WB = cxy,

W ν ≤ xν + yν
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Proof.

Set . Our goal is to show . Define

. Eliminating  gives

Since  has exactly one positive root and , it suffices to prove .

Set , so that  and . Since , we have

Thus it remains to show  on . Clearly . Our choice of  gives

where the second inequality holds because the rightmost expression equals  at  and

has derivative  for . Consequently, .

On , the derivative is

Moreover,

Strict concavity shows that  either stays negative on  or changes sign once from

negative to positive. Thus  either decreases throughout or first decreases and then increases,

so its maximum on  occurs at an endpoint. By symmetry,  for every .

Hence , so , as required.

□

W := (xν + yν)1/ν–W ≤ W
–

ψ(X) := X 2 − (x + y)X − cxy B

ψ(W) = −(a − 2)W ≤ 0.

ψ W ,W > 0
–

ψ(W) ≥ 0
–

z = (x/W)ν
–

1 − z = (y/W)ν
–

z ∈ (0, 1) p = 1/ν

ψ(W)

W
2

= 1 − f(z), f(z) := zp + (1 − z)p + c[z(1 − z)]p.
–

–

f(z) ≤ 1 [0, 1] f(0) = 1 p

c ≤ 1 + p − psil ≤ 22p − 2p+1,

1 p = psil

2p+1(ln 2)(2p − 1) > 1 p > 1 f(1/2) = 21−p + c2−2p ≤ 1

(0, 1/2)

f ′(z) = p[z(1 − z)]p−1g(z), g(z) := (1 − z)1−p − z1−p + c(1 − 2z).

g′′(z) = p(p − 1)[(1 − z)−p−1 − z−p−1] < 0, g(0+) = −∞, g(1/2) = 0.

g (0, 1/2)
f

[0, 1/2] f(z) ≤ 1 z ∈ [0, 1]
ψ(W) ≥ 0
–

W ≤ W
–
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Proof of Lemma 5.4

We induct on , simultaneously for all . The case  is . For ,

choose a maximizing schedule . By Lemma 5.2, the empty set and a singleton  are tight.

Put

and

Then  and . Tightness of  and  gives

so Lemma 5.5 gives . The recursive decomposition (15) and the empty-set costs

on the two sides give

Hence  and . Applying the induction hypothesis to the two shorter

schedules gives

Combining these bounds proves , as required.

□

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1

Fix  and choose

n Λ ≥ a n = 0 U0(Λ) = cΛ n ≥ 1
H {t∗}

HL := H1:t∗−1, HR := Ht∗+1:n, W := Un(Λ)/c,

x := a +∑
t<t∗

ht, y := Λ +∑
t>t∗

ht, B := ht∗
− 2.

x, y ≥ a B > 0 ∅ {t∗}

W = x + y + B − (a − 2), WB = cxy,

W ν ≤ xν + yν

cW ≤
Va(HL)VΛ(HR)

B
≤

c2xy

B
= cW .

Va(HL) = cx VΛ(HR) = cy

xν ≤ aν(t∗ − 1) + aν, yν ≤ aν(n − t∗) + Λν.

W ν ≤ aνn + Λν

0 < η ≤ 1/10
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With  as defined in Lemma 4.1, set  and . The parameter calculation verifies

the parameter conditions of Lemma 5.4 and proves (20) below. By Lemma 5.4 and ,

. Since , (14) gives

Under the choice (18),

Consequently,

For  large enough, take . Then 

and , so the preceding bound is at least

 for an absolute constant . This proves Theorem 1.1.

□

1. The one-sided Huber construction in (5) has , and its lower bound 

[JCY26] has exponent .↩︎

Verifying the parameter choice

Fix  and use the parameter choice (18). Then  and .

Moreover, , so

p := psil + η, γ :=
η

4
, ϵ := (

η

16
)
p

,

c := √1 + 2γ + ϵ2.
(18)

a ν = 1/p Λ = anp

Λν = aνn

VΛ(H) ≤ Un(Λ) ≤ c(2aνn)p = c2panp Λ − 1 ≥ anp/2

Rn(H) ≥
1

22p+1a
n−p for every H ∈ [0, ∞)n. (19)

log a = O(η−1 log(1/η)), 0 < η ≤ 1/10. (20)

Rn(H) ≥ n−psil exp[−η logn − O(η−1 log(1/η))].

n η = √log logn/ logn ≤ 1/10 η logn = √logn log logn

η−1 log(1/η) ≤ √logn log logn

n−psil−C√log logn/ logn C

c = 2 Ω(n− log2(1+√3))
p(2)

0 < η ≤ 1/10 p ∈ [psil, 3/2] 0 < ϵ < 1/2
ϵ2 ≤ (η/16)2 ≤ η/6

c2 = 1 +
η

2
+ ϵ2 ≤ 1 +

2η
3

≤ (1 +
η

3
)

2
.
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Consequently  and

Thus Lemma 5.4 applies.

The definition of  in Lemma 4.1 can be written as

Under (18),  and  are bounded above and bounded away from zero by absolute constants,

while

Since , we obtain

Since , the stated choice of  proves (20) with an absolute implied

constant.

5.2 Proofs for the Anytime Lower Bound

To prove Theorem 1.2, we combine two consequences of Lemma 4.1. Selecting no checkpoints

gives the one-dimensional Huber bound, which forces the sum of stepsizes to be large when the

error is small. Selecting only the last step as a checkpoint, when its stepsize exceeds , gives a

second lower bound in terms of that stepsize and the preceding sum. Following [TFZH26,

Section 4.1] and [JCY26, Section 4], we apply these bounds at iterations when the stepsize is the

largest so far.

1 < c < 2

c − 1 ≤
η

3
< η = p − psil.

a

R := √ϵ2 + (1 + γ)2, H0 := [
c(1 + γ + R)

ϵ(γ + R)
]
R/γ

− 1,

C0 := ϵ +
H0 + 1

ϵ
, a := max{2, 2C0/c}.

c R

log(1/ϵ) = p log(16/η) = O(log(1/η)),
R

γ
= O(1/η).

log[ c(1+γ+R)
ϵ(γ+R)

] = log(1/ϵ) + O(1) = O(log(1/η))

log(1 + H0) =
R

γ
log(

c(1 + γ + R)

ϵ(γ + R)
) = O(η−1 log(1/η)).

C0 = ϵ + (H0 + 1)/ϵ a

2
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To make this argument precise, we first introduce some notation. Fix an infinite nonnegative

schedule . For each prefix , denote its total stepsize, largest

stepsize, and worst-case error by

We call  a record time if , and a strict record time if  and .

For , set  and choose  as in the parameter

calculation, with . The two lower bounds above still depend on the schedule

through  and . To obtain a bound in terms of , the next lemma uses (17) to bound  in

terms of  and  when  is small.

Lemma 5.6 (Total stepsize at a record time).

For every , there are constants  such that every record

time  with  and  satisfies

Proof of Lemma 5.6: total stepsize at a record time

Take  and fix a record time  satisfying the lemma’s assumptions. Write

The prefix cost.

We first use the last checkpoint to bound the prefix cost  from below. Take an admissible

checkpoint set  attaining  and append the final checkpoint . The factorization in the

proof of Lemma 5.1 gives

H = (ht)t≥1 Hn = (h1, … ,hn)

Sn :=
n

∑
t=1

ht, Mn := max
1≤t≤n

ht, rn := Rn(Hn).

n hn = Mn n ≥ 2 hn > Mn−1

p ∈ (psil, psil + 1/10] ν := 1/p ∈ (0, 1) a, c
η = p − psil

Sn Mn n Sn

n Mn rn

p ∈ (psil, psil + 1/10] Cp, r0,p > 0
n Mn ≥ 4 rn ≤ r0,p

Sn ≤ CpnM
1−ν
n . (36)

r0,p := 1/8 n

M := Mn = hn, H− := Hn−1, V := Va(H−).

V

T Va(H−) n

Qa(T ∪ {n};Hn) =
caV

M − 2
.
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Since  is the last step, the final gap is empty. By (13), the product in (7) equals .

Hence Lemma 4.1 gives

Counting large steps.

To bound the sum of stepsizes in , we count how many exceed each level. For , define

Now fix  and set . Use all stepsize indices  with  as

checkpoints; they are admissible because . Write  for their stepsizes in time

order and let  be the blocks between them, including the initial and final blocks.

Write  for the length of . Since the prefix has  steps,

Combine these checkpoints with admissible checkpoint sets attaining  in all 

blocks. The decomposition in Lemma 5.1 gives

Since , (17) gives

Taking the th power of (39), using , and then applying AM–GM with (38), we

obtain

n [(M − 2)/V ]2

rn ≥
(M − 2)2

4V 2
, V ≥

M − 2

2√rn
. (37)

H− u ≥ 0

NH−(u) := {t < n : ht > u} .∣ ∣u ∈ (2,M) k := NH−(u) t < n ht > u

u > 2 b1, … , bk
H (0), … ,H (k)

mj H (j) n − 1

k

∑
j=0

(mj + 1) = n. (38)

Va(H (j)) k + 1

Va(H−) ≤ Va(H (k))
k

∏
i=1

Va(H (i−1))

bi − 2
. (39)

Va(H (j)) ≤ Umj(a)

Va(H (j))ν ≤ (ca)ν(mj + 1) (0 ≤ j ≤ k).

ν bi − 2 > u − 2
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Since , comparison of (37) and (40) gives

Since , the left-hand side exceeds one. The quantity in brackets must therefore exceed

one, giving

At a record time, every stepsize in  is at most , so integrating  over  recovers

their sum. Using (41) for  and  for , we obtain

Adding the last step.

It remains to bound the final stepsize . Applying (17) to the  steps of  and

using (37) gives

Since  and , it follows that

V ν ≤ (ca)ν(
(ca)ν

(u − 2)ν
)

k k

∏
j=0

(mj + 1)

≤ (ca)ν(
(ca)ν

(u − 2)ν
)

k

(
n

k + 1
)

k+1

.

(40)

M − 2 ≥ u − 2

(2√rn)−ν ≤ [
n

k + 1
(

ca

u − 2
)

ν

]
k+1

.

rn ≤ 1/8

NH−(u) + 1 ≤ n(
ca

u − 2
)

ν

(2 < u < M). (41)

H− M NH− [0,M]
2 < u < M NH−(u) ≤ n 0 ≤ u ≤ 2

n−1

∑
t=1

ht = ∫
M

0
NH−(u) du

≤ 2n + n(ca)ν ∫
M

2
(u − 2)−ν du

≤ (2 +
(ca)ν

1 − ν
)nM 1−ν.

(42)

hn = M n − 1 H−

(M − 2)ν

(2√rn)ν
≤ V ν ≤ (ca)νn.

M ≥ 4 rn ≤ 1/8 < 1/4
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Adding this to (42) proves the lemma with

Proof of Theorem 1.2

Selecting no checkpoints in Lemma 4.1 gives

If  is bounded, then  and (44) proves the theorem. Suppose now that  is

unbounded, and fix a strict record time  with . There are infinitely many such

times.

At each such record time, applying Lemma 4.1 with the admissible checkpoint set  gives

Since  and , we obtain

If , substituting this bound on  into Lemma 5.6 gives

The Huber bound (44) also gives , so

M ν ≤ (2ca)νn, M ≤ (2ca)νnM 1−ν.

Cp := 2 +
(ca)ν

1 − ν
+ (2ca)ν. (43)

□

rn ≥
1

4(1 + Sn)
. (44)

H Sn = O(n) H

n Mn = hn ≥ 4

{n}

rn ≥
1
4
[

Mn − 2
c(a + Sn−1)

]
2

. (45)

Mn − 2 ≥ Mn/2 Sn ≥ Mn ≥ 4

Mn ≤ 4c(a + Sn−1)√rn ≤ c(a + 4)Sn√rn.

rn ≤ 1/8 Mn

S ν
n ≤ Cp[c(a + 4)]1−νnr

(1−ν)/2
n .

Sn ≥ 1/(8rn)
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Consequently, at every strict record time with  and ,

To let  approach , we need to control the dependence of  on . Recall that .

As , the quantities , , and  remain bounded above and away from zero. The choices

(43) and (46), together with (20), give

At each sufficiently large strict record time, choose

If , the claimed bound holds for sufficiently large . Otherwise, (46) and (47)

give

There are infinitely many strict record times, which proves Theorem 1.2.

6. Concluding Remarks
We proved lower bounds for GD with predetermined nonnegative stepsizes that match the

silver exponents in both the finite-horizon and anytime settings. Bending the gradient during

each gap improves the transfer between local hard functions and closes the polynomial gap to

the upper bounds.

The remaining open questions are:

1 ≤ 8νCp[c(a + 4)]1−νnr
(1+ν)/2
n .

Mn ≥ 4 rn ≤ 1/8

rn ≥ cpn
−2p/(1+p), cp := [8νCp[c(a + 4)]1−ν]

−2/(1+ν)
. (46)

p psil cp p η = p − psil

η ↓ 0 ν 1 − ν c

logCp,   log(1/cp) = O(η−1 log(1/η)),
2p

1 + p
= pany + O(η).

(47)

η =√
log logn

logn
.

rn > r0,p = 1/8 n

rn ≥ n−pany exp{−C (η logn + η−1 log(1/η))} ≥ n
−(pany+C ′√log logn/ logn)

.
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1. Can the lower bounds match the silver exponents for schedules that may include negative

stepsizes? To our knowledge, the best known lower bounds for such schedules are

 in the non-anytime case and  in the anytime case, as established in

our earlier paper [YL26]. Extending the lower bounds proved here to such schedules remains

open, although we believe that our approach can be adapted to handle negative stepsizes.

2. Can the  losses in the exponents of (2) and (3) be reduced or removed?1 In

the circular construction illustrated in Figure 4, setting  would make every gradient

vector  equal to . A local calculation similar to the Huber analysis in Section 3 gives

the coefficient  for . This yields a suboptimal lower bound as in [JCY26]. We

therefore need , so  can approach  but cannot equal . For this

construction, balancing the improvement as  against the growth of  leaves the 

loss in the exponent . Removing this loss may require a more refined local

construction, or even an entirely new approach to constructing the global hard function.

1. We have obtained preliminary improvements by modifying our existing construction to choose

gradient vectors along a logarithmic spiral rather than the circular arc in (21).↩︎
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γ > 0 c = √1 + 2γ + ϵ2 1 1
c ↓ 1 a o(1)

psil + o(1)

46



AI Disclosure
We carefully read Jung et al.'s paper [JCY26] and traced the difference between their exponent

 and the silver exponent  to the factor  in their local transfer

estimate. Their local Huber component has a fixed gradient direction. It changes both adjacent

coordinates, so both changes reduce the margin that keeps the component active. We

wondered whether we could reduce this loss by bending the local trajectory, gradually turning

the descent direction toward  as the remaining amplitude passes from  to . We

shared this intuition with ChatGPT-6 Astra. Through several rounds of substantive interaction

and detailed calculations by ChatGPT-6 Astra Ultra, we designed a smooth convex hard function

whose local gradient rotates along a circular arc and whose gap coefficient approaches .

Combining this construction with a refinement of Jung et al.'s recursive analysis [JCY26, Section

3] gave the present result. The paper is available as an arXiv preprint.
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